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The first volume opens with instructions how to observe the heavenly bodies, 
and is illustrated by several views of parts of the starry sphere. The modes 
of determining Latitudes and Longitudes aie next explained, and the 
chapter on the Sun discusses the nature of the Solar Spots, and examines 
the different hypotheses respecting the Solar Surface, Atmosphere, and 
Radiation. That on the Moon gives engravings of the surface of our 
satellite, as disclosed by the telescope, and presents the latest discoveries 
of Lord Rosse and other observers. In this chapter it is inferred, from 
several arguments, that the Moon is not inhabited. 

A section of several chapters is devoted to the inquiry. Whether the 
Planets are inhabited Worlds. It is shown that several of them enjoy an 
atmosphere, seasons, and clouds; and the author arrives at the conclusion, 
that they are inhabited like the Earth, but that their Moons are not so. 

An account is given of the recent discovery of a multitude of small Planets 
— the asteroids — supposed to be fragments of a broken Planet; and a 
copious narrative is given of the circumstances of the greatest astronomical 
discovery of modem times, that of the planet Neptune, simultaneous!)' by 
Leverrier and Adams. Other chapters explain the nature of the Tides, the 
Lunar Influences, and the Wonders of the Starry Heavens. 

The Second Series treats of Light, Comets, Eclipses, Terrestrial and Lunar 
Rotation and Astronomical Instruments. . 

The Microscope. By Dionysius Lardner , D.C.L. 

(From the “ Museum of Science and Art.”) One volume, with 147 En- 
gravings, 2s. cloth lettered. 

This work contains a copious explanation of. the optical principles of the 
microscope, and a description of' the several varieties of that instrument, 
made familiar to the reader by numerous figitqsjind engravings. 

The chapters on Optical Images and M'agnifvipg', Glasses explain the pro- 
perties of different kinds of lenses, au|d th«.^noifes ; in which their refractive 
powers are modified and correfcteil. Details a$e„giyen of the peculiar quali- 
ties of simple, compound, rcflecthig^double^b’metfular, and multiple Micro- 
, scopes; and of various kinds o4. M-ics<jpt;(ej£j' Polarisatton of Light is 
explained, and the Micro-PolariscSpfr-xlesfcribed; as well as Chevalier’s, 
Ross’s, Smith and Beck’s, Nachet’s, and other Microscopes, A separate 
chapter is assigned to the Solar Microscope. 

In treating of the objects submitted to the instrument, the work explains 
many of the most recent observations, experiments, and discoveries; and 
exhibits, in enlarged views, some of the wonders of minute organised bodies 
belonging to the vegetable and animal kingdoms, and particularly to the 
insect world. 

The chapter on Microscopic Drawing and Engraving sketches several of 
the marvellously symmetrical nebulae revealed by Lord Rosse’s telescope. It 
also gives an account of recently executed engravings of extreme minuteness. 
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PREFACE. 


The attempts at a reformation of the Premises of 
Geometry have been so numerous, and have met 
with so little success, that another essay in the 
same direction will doubtless be classed by many 
with the endeavours to square the circle or find 
perpetual motion. A little consideration, however, 
will shew that the circumstances are widely dif- 
ferent. The notion of irrational quantities, or 
quantities whose proportions cannot be exactly ex- 
pressed by means of numbers, is one which causes 
difficulty only to the uninstructed. However ex- 
tended the numbers of a fraction may be by which 
we attempt to express a proportion, it is readily 
seen, after a little familiarity with arithmetical 
conceptions, that the numerator may be a little 
too great or too small, while the addition or sub- 
traction of an unit may make too great a (In- 
ference in the opposite direction. There is then no 
reason to expect that any particular proportion, as 
that between the circumference and the diameter 
of a circle, should be capable of exact numerical 
expression ; or, in other words, that the squaring of 
the circle should be a possible problem. In geo- 
metry, on the other hand, there is positive a priori 
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argument for the possibility of attaining the end 
which reformers have had in view, and nothing but 
his predecessors’ want of success to discourage the 
efforts of any new competitor in the same arena. 
The figures which form the subject of geometrical 
reasoning being wholly the creation of the under- 
standing, it would seem that they can be endowed 
with no essential qualities except such as are de- 
rived from the plan on which the elements of 
figure are put together in the conception of the 
geometrical species. If, therefore, we were able 
to analyse the first step taken by the understanding 
in the conception of figure, and to indicate the 
immediate relation by which the ultimate elements 
of surface and of line are combined in the con- 
ception of the simplest species of figure, the pro- 
positions enouncing this primitive synthesis, to- 
gether with those laying down, in like manner, 
the composition of the more complicated species, 
should constitute premises, from whence might 
directly be deduced every possible relation of the 
geometrical system. The question then arises. 
Have any of the proposed amendments been based 
on the ultimate analysis of all the species of geo- 
metrical figure? — and specially, Has the true ana- 
lysis of a plane as yet been propounded? 

In the complete conception of every kind of 
surface, each infinitesimal element of the surface 
must be brought successively before the mind and 
arranged in proper relation to the rest of the 
system, and whatever can be distinctly conceived 
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may be expressed in language. It must, there- 
fore be inherently possible to express in words the 
principle of arrangement or relation between its 
ultimate parts, characteristic of a plane as well 
as of every other species of surface. It was by 
such considerations that the author was led to dis- 
regard the old argument, that if the thing could be 
done at all, it would have been done long ago ; but, 
as soon as he began to study the analysis of figure, 
he found that the previous question, by what intel- 
lectual process we are originally made acquainted 
with figure in general, which was necessary in 
order to determine what was, and what was not 
an elementary conception, was entirely unsettled. 

It thus became necessary to undertake the ex- 
amination of one of the most vexed questions of 
metaphysics, and to trace the course of action * 
and complex exercise of our faculties, by which 
we originally obtain the knowledge of body, 
space and form.* Having carefully gone through 
this inquiry, and obtained certain results to his 
own satisfaction, the author felt it a strong 
corroboration of the solidity of his groundwork, 
when he found that the definitions to which 
he was led by the metaphysical investigation, 
including one w'holly unexpected of a plane, 
afforded an adequate basis for the science of 


* “ Principles of Geometrical Demonstration,” Taylor & 
Walton, 1844. “ On the Development of the Understand- 
ing,” 1848. “On the Knowledge of Body and Space.” 
“Trans. Cambridge Phil. Soc..” Yol. ix., 1850. 
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geometry, enabling us to dispense as well with 
the axioms, as with all ex absurdo proof, which 
has always been regarded as an incongruity in 
the system. 

As the only effective test of the actual attain- 
ment of the end which has so long been had in 
view, the system proposed is applied in the follow- 
ing pages to the geometry of the first three books 
of Euclid, marking those propositions which are 
simply copied out without any material alteration 
in the proof. 

If there be no important fallacy in the reason- 
ing of the following pages, the premises adopted 
in our system are not merely an improvement on 
those in ordinarv use, but thev are the ultimate 
expression of the mode in which the fundamental 
conceptions of the science are brought into intel- 
lectual existence, and must therefore be the pri- 
mary source from whence all geometrical conviction 
is derived. No further room will then be left for 
essential reform, and it would be contrary to the 
spirit of sound philosophy if the name of Euclid 
were weighty enough to preserve the sway of his 
imperfect system in English education, when once 
the true foundation of the science was effectually 
made known. 
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INTRODUCTION. 


Geometry is the science of form, position, and 
magnitude, the subject of which it treats consist- 
ing of figures drawn according to some definite 
law, while the aim of the science is the determi- 
nation of relations of position and magnitude 
necessarily holding good between different parts 
of the figured system, though not expressly men- 
tioned in the rule by which the latter is originally 
defined in the apprehension of the student. Thus, 
for example, the simplest kinds of figure are the 
straight line and the plane, and accordingly recti- 
lineal figures, or figures constructed of straight 
lines and plane surfaces (and primarily the triangle 
as the rectilineal figure of fewest sides), form the 
earliest subject of geometrical investigation. Now 
the form of a triangle may be varied at pleasure, 
by changing the proportion between the sides, 
without necessarily raising the question, whether 
there be any corresponding variation in the pro- 
portion of the angles. We may imagine a triangle 
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of three equal sides, or a triangle in which one of 
the sides is much greater than either of the others, 
without, in the first place, considering whether the 
angles will be equal or unequal, or which of them 
will he the greater ; but geometry teaches us, that 
if two sides of a triangle are equal, the angles 
opposite to the equal sides are also equal to each 
other; and if the sides are unequal, the aBgle 
which is opposite to the greater side will be greater 
than the angle which is opposite to the less. 

The principles of most obvious authority in rea- 
soning are the propositions laying down the sense 
in which the terms of the demonstration are to be 
understood. The student who uses a certain term 
to signify the conception expressed in detail in a 
given expression, will perceive, that every actual 
example of the thing signified must necessarily be 
possessed of the characteristics mentioned in the 
defining expression, because it is only by the 
possession of those characteristics that an actual 
object can earn a title to the designation in ques- 
tion. If I use the word triangle to signify a 
rectilineal figure of three sides, I can only recog- 
nise a particular figure as a triangle by the appre- 
hension of the three straight lines of which it is 
composed ; and, accordingly, I perceive that every 
triangle must necessarily be bounded by three 
straight lines. 

Thus it is, that every definition rightly under- 
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stood assumes the form of a necessary truth, or of 
a mere truism, in case the thing signified by the 
term defined (as in the foregoing example) is of 
such a nature that it cannot be made the object 
of contemplation without the distinct recognition 
of the analysis enounced in the definition ; and if 
the premises in our systems of geometry had been 
composed exclusively of propositions owing their 
authority to such a principle, the necessity of the 
conclusions would have been involved in none of 
that mystery which has been so fertile a source of 
speculation. Hitherto, however, geometers have 
not succeeded in laying an adequate foundation of 
the science in definitions alone. It has always been 
found necessary, either openly or covertly, to call 
in the aid of axioms, or propositions, the truth of 
which we find ourselves compelled, after more or 
less reflection, to admit, although we may be un- 
able to explain the intellectual process by which 
our assent is extorted. 

In justification of the appeal to an authority of 
such a nature, the axioms are commonly spoken 
of as self-evident truths, to which appellation their 
claim has not been very clearly expounded. A 
self-evident proposition ought to carry conviction 
on the face of it irresistible to all who rightly un- 
derstand the terms of the proposition, and this 
can only be the case when the correct conception 
of the subject (as in definitions) involves the re- 


Digitized by GoogI 


4 


INTRODUCTION. 


cognition of the features constituting the predicate 
of the proposition. To perceive the necessary 
truth of the proposition, that “ if two straight 
lines meeting a third, make the two internal angles 
less than two right angles, the two straight lines 
shall meet if produced far enough” (the axiom of 
Euclid relating to parallel lines) , requires an effort 
of the understanding essentially differing from the 
mere comprehension of the meaning of the propo- 
sition; and the axiom is probably at the outset 
accepted by a large proportion of students on the 
authority of the teacher without any clear appre- 
hension of the evidence of the assertion. Before 
the geometer is contented to rest his system upon 
principles of whose authority he is able to render 
so little account, he ought to be thoroughly satis- 
fied that he has exhausted the resources of defini- 
tion, that his premises exhibit the ultimate analysis 
of the conceptions concerning which he proposes 
to reason, or their original construction out of the 
elementary materials of thought. 

It requires little consideration to show, that 
such a limit is far from being attained in the 
ordinary system of geometry. It is a sufficient 
proof of shortcoming, that it contains no effective 
definition of a straight line. The assertion, that 
a straight line is “ a line lying evenly between its 
extreme points,” amounts to no more than this, 
that it is a line lying straight between its extreme 
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points; and as a proposition so manifestly identical 
can lead to no real advance in reasoning, the defi- 
nition is never afterwards referred to, and forms no 
part of the real premises of the system. 

The definitions of parallel straight lines, and of 
a plane surface, are as follows : 

Parallel straight lines are such as are in the 
same plane, and being produced ever so far both 
ways do not meet. 

A plane surface is that in which any two points 
being taken, the straight line between them lies 
wholly w ithin such surface. 

In neither of these cases does the definition ex- 
hibit a simple analysis of the essential meaning of 
the term defined. We can distinctly imagine a 
• pair of parallel straight lines, or a plane surface, 
without a thought in our minds of the indefinite 
prolongation of the lines in the one case, or of the 
system of straight lines joining every separate pair 
of points in the plane, in the other case. We 
apprehend the planeness of a surface by passing 
our hand over it in a track, of which it is possible, 
that no portion may consist of a single straight 
line. The geometrical figure is in neither case 
defined by the relations of its own essential 
elements, but by conditions involving a reference 
to some external system, the notion of which 
necessarily presupposes the distinct conception of 
the figure under definition. We must plainly be 
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acquainted with parallel lines as a system of cer- 
tain figure, before we can recognise the fact, that 
lines in such a position may be prolonged for ever 
without meeting. In like manner, the form of a 
plane surface must previously be known as a sub- 
stantive object of thought, in order to supply us 
with the system of straight lines by coincidence 
with which the planeness of the same surface is to 
be established under this definition. 

The analysis, then, of what is fundamentally 
meant by the attributes of planeness, or of paral- 
lelism, as well as of straightness, is to be sought for 
in other quarters. In this research it must be 
borne in mind, that figure is considered in geo- 
metry as extended in empty space, and therefore, 
as marked exclusively by position, the only cha- 
racter by which the parts of space are distin- 
guished. A certain point will be a point occupying 
a definite position in space. A figure will be con- 
ceived as a line or a surface, extending through 
a succession of points arranged in a certain scheme 
of relative position, the enunciation of which will 
be the object to be aimed at in definition, and the 
analysis will be pushed to its utmost limits, when 
the definition expresses the fundamental relation 
of each individual point in the figure to its imme- 
diate neighbours, and consequently, to the remain- 
der of the system. 

What the fundamental relations of position 
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axe, I have elsewhere endeavoured to shew, from 
a careful examination of the active process by 
which the knowledge of space and all the rela- 
tions which it involves are originally acquired. 
But without at present entering upon the meta- 
physical inquiry, it will be seen, that the position 
of an object is given in the knowledge of a track 
by which it may be reached from a known 
station. When the organ employed in reaching 
the object is conceived as an individual point, the 
station from whence the motion commences, as 
well as the position attained at any moment, will 
both be single points, while the track of motion 
will be a mathematical line. Thus the position of 
a point is determined by the nature of the line by 
which it is united to a point antecedently known, 
and the identity of points is accordingly proved in 
geometry, by shewing the coincidence or entire 
identity of the lines by which the points in ques- 
tion are united with the same given point. 

Now motion, in as far as the relations of space 
are concerned, admits of variation in two ways, 
each giving rise to the conception of an elementary 
attribute, or one, which can only be explained by 
reference to the various phases exhibited in actual 
existence, in the same way that colour can only 
be explained, as the attribute, of which white, 
blue, red, etc., are particular phases. 

The elementary attributes of motion (and there- 
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fore of a line, as the track of a point in motion) 
are : first, the longitudinal extent of the track, 
which keeps continually increasing from the com- 
mencement of the motion ; and secondly, the 
direction of the motion at any given instant, a 
character admitting of variation in each infinitesi- 
mal element into which the track may be divided. 
The nature of the entire track or figure of the line 
will be conceived by combining in a single act of 
thought the continuous succession of infinitesimal 
elements, each with their distinctive character of 
direction and distance from the origin. Thus, the 
position of a point will be determined by the 
character, in respect of distance and direction, of a 
line by which it is united with a point already 
known. But the same fixed point may be attained 
from a given station by tracks of a wholly different 
description ; the same two points may be united by 
lines which have nothing in common except the 
beginning and the end. The very conception of a 
triangle ABC, implies the possibility of recog- 
nising the identity of the point C attained by 
motion from a given station A either through the 
track A B, B C, or straight through A C. That is 
to say, the aggregate character of the broken line 
A B, B C, in respect of distance and direction, 
must be recognised as equivalent, in the deter- 
mination of position, to that of the straight line 
AC. There must then be some fundamental 
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connection between distance and direction, some 
means of reducing distance in different directions 
to a common standard, in order to render possible 
the equivalence, in the determination of position, 
of different combinations of those elements. 

The discrimination of the infinite variety of 
directions in which motion is possible from any 
point in space, is based on the two fundamental 
relations of opposition and transverseness. If, after 
moving through a certain distance in any one 
direction, we stop to contemplate, from the station 
so attained, the position of the point from whence 
we started, it will be conceived as lying at the 
distance traversed in attaining our present station, 
and in a direction, the relation of which to that of 
the original motion is designated by the term op- 
position. In other words, an object which has 
moved through a certain distance in a given direc- 
tion will be brought back, by the same extent of 
motion in the opposite direction, to the position 
originally occupied : and the fundainental charac- 
teristic of the relation will be, that motion in a 
given direction is exactly nullified, in the deter- 
mination of position, by the same extent of motion 
in the opposite direction. Thus a direction and 
the one opposed to it may be considered as the 
positive and negative modifications of a common 
direction. 

The origin* of the notion of transverseness was 
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traced, in the enquiry above alluded to, to the 
motion of the hand along a smooth surface sen- 
sibly approaching a plane ; and it was shown, that 
the agent, in the course of such an experiment, 
would be conscious of being able to move freely 
in a multiplicity of directions along the surface of 
the body at any point, while, at the same time, he 
would be cognizant of an absolute resistance to 
motion in a certain direction subsequently known 
as the normal to the surface at the point in ques- 
tion. Thus he would have experience of a certain 
direction, so related to a multiplicity of others, 
that motion in any of the latter is compatible with 
a total absence of motion in the former direction, 
either positively or negatively considered. Of 
directions thus related, each of those in which 
freedom of motion is left along the surface, is said 
to be transverse to the direction in which all 
motion is simultaneously forbidden by the resist- 
ance of the body. 

Now, if motion in a direction C A be -com- 
patible with a total absence of motion in a 
direction C B, it can only be because distance in 
the latter direction is essentially independent of 
distance in the former, and, therefore, motion in 
the direction C B must equally be compatible 
with a total absence of motion in the direction 
C A. In other words, if one direction is trans- 
verse to a second, the second is transverse to the 
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first, or the relation is reciprocal between the 
two. 

We learn, in the next place, that motion in two 
transverse directions essentially constitutes motion 
in a third direction, conceived as intermediate be- 
tween the former two. The cognizance of opposi- 
tion to action, implies a consciousness of ability to 
perform the action resisted if the external obstacle 
were removed. Thus the resistance of which we 
are cognizant while moving our hand over the 
surface of a body, at the same time that it makes 
known to us the actual absence of motion in the 
direction of the normal, will suggest the possibility 
of motion in that direction, without further change 
in the conditions of the experiment than the re- 
moval of the bodily obstacle ; that is to say, the 
same experience which made known to us the 
relation of transverseness, will lead us to conceive 
the possibility, in empty space, of advancing in the 
direction of the normal, without ceasing to move 
in the lateral direction in which the surface for- 
merly extended, or in other words, of moving 
simultaneously in a given direction and in one 
transverse to it. 

But when an object moving simultaneously in 
two directions is contemplated from without the 
sphere of the influences to which the separate 
movements are owing, it will appear to move in a 
third direction, related more or less nearly to the 
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direction of cither of the component movements, 
according as the distance traversed in that direc- 
tion is greater or less than the distance simulta- 
neously traversed in the other. 

An agent carried along in a certain direction 
by the motion of the rigid system in which he is 
placed, as in the cabin of a ship for instance, has 
the same freedom of action within the limits of 
the system as if the latter were at rest. He is 
capable of moving with the same facility in a 
direction transverse to that of the ship’s motion 
as in the same direction with it. But if the real 
direction of his motion could be observed, with 
respect to external objects, while he is moving 
across the cabin, it w r ould be found to lie in some 
intermediate direction, standing in a closer rela- 
tion to that of the ship’s motion or the transverse 
direction, according as the rate of the ship’s mo- 
tion is more or less rapid than that of his own 
walk across the cabin. 

Thus, if an object be supposed to move inde- 
pendently in two directions, C A, C B, transverse 
to each other, and C P be the real direction of the 
motion in space, the relation of C P to C A and 
C B may be expressed by reference to the propor- 
tion in which motion in the direction C P admits 
of resolution in the directions C A and C B respec- 
tively. Now, let either of these directions as C A 
(Fig. 1) be taken as a standard, and let motion in 
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the direction C A be compounded with an indefi- 
nitely small proportion of motion in the direction 
CB. The result will be motion in a direction 
C P, differing extremely little from C A. Then 
by continually increasing the proportion of motion 
in the direction C B, and diminishing that in the 
direction C A, we shall obtain a series of interme- 
diate directions varying in their relation to C A 
in every degree from coincidence to transverse- 
ness. In like manner, the combination of motion 
in the direction C B with C D, the opposite of the 
original standard, will furnish a similar series of 
directions intermediate between C B and C D, 
which will appear as the continuation of the 
former series. Beyond CD, on the other side, 
the series may be carried on by combination with 
motion in the direction of C E, the opposite of 
C B, and it will finally be brought back to the 
point from whence we started by combination of 
motion in the direction C E with motion in the 
original direction C A. 

Thus, by combination of motion in a single 
direction, positively and negatively considered, and 
in a transverse direction taken in like manner in a 
positive and negative sense, we are enabled to dis- 
tinguish a continuous circle of directions, each of 
which is placed between two neighbours differing 
from it by an indefinitely small amount of varia- 
tion in opposite directions. 
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Now, the relation of transverseness being (as 
we have seen) primarily known as a relation of 
one direction to a multiplicity of others, let C A, 
CP (Fig. 1) be any two directions to both of 
which a third, C F, is transverse. Then motion 
in the direction C P may be resolved in a direction 
C A, and a direction transverse to it, C B. But 
as the directions C P and C A are both transverse 
to C F, motion in either of those directions will 
be wholly devoid of motion in the direction C F ; 
that is to say, that motion in the direction C P, 
as well as one of the elements into which it may 
be resolved, will be wholly without effect in the 
direction C F, and, therefore, the remaining ele- 
ment, or the motion in the direction C B, must be 
equally ineffective in the same direction, or C B 
also will be transverse to C F. But motion in the 
directions C A and C B being both ineffective in 
the direction C F, the same must be true of every 
motion compounded of those elements ; or in other 
words, every direction intermediate between C A 
and C B and their opposites will be included in 
the series transverse to C F. Thus it appears that 
if, in the series of directions C A, CP, etc., trans- 
verse to a given normal or standard direction C F, 
any individual, as CA, be taken as a second 
standard, the series will include a direction C B 
transverse to CA (and therefore constituting a 
third standard transverse to each of the other two), 
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together with every direction intermediate be- 
tween CA and CB, positively and negatively 
considered. 

Now let each individual of the series CA , CP, 
etc., arising from the combination of CA and CB, 
again be combined with the direction CF trans- 
verse to them all ; the result will be a succession of 
series of the same kind, the aggregate of which 
will embrace every direction diverging from the 
point C, throughout an entire hemisphere of space. 
In like maimer, the combination of the same pri- 
mary series with the opposite to CF, will give the 
directions of the opposite hemisphere. Thus the 
entire scheme of directions diverging from a point 
in space, will be constructed by the combination 
of a single standard direction with the succession 
of series arising from the combination of two other 
directions, transverse to the original standard and 
also to each other; and any particular direction 
may be identified by the proportion in which dis- 
tance in that direction is composed of distance in 
each of the three transverse standards or axes. 
If the vertical or up and down direction, for ex- 
ample, be taken as the primary axis of direction, 
the series transverse to it will be the directions of 
the horizontal plane ; and if we take any one of 
these, as the right and left direction, for our second 
standard, and the transverse or the fore and aft 
direction for our third, the position of any direction 
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in space may be defined by the proportion in which 
motion in that direction is composed of motion in 
the directions up and down, right and left, and 
fore and aft, respectively. 

We have it now in our power to explain the fact 
formerly observed, that the same position may be 
determined by tracks of a wholly different descrip- 
tion, from the same starting point. If we suppose 
the motion in each elementary portion of one of 
two different tracks from one point to another, to 
be resolved in the direction of the three transverse 
axes, the motion in the entire track will be equiva- 
lent to the aggregate motion in the direction of 
each of the three axes. In like manner, the mo- 
tion in the other track may be resolved into a 
certain amount of motion in the direction of the 
same three axes; and, in this condition, will admit 
of direct comparison with the aggregate motion in 
the former track. When the motion in the direc- 
tion of each of the three axes is of like extent in 
either track, the entire spaces traversed will be the 
same in respect of distance and direction, and the 
same position will be attained in both cases. 

The position of a point may now be defined as 
the relation depending on the character of the 
space by which it is separated from a given point 
in respect of distance and direction; whence it 
follows, that points identical in position he at a 
like distance from a point antecedently known, in 
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whatever direction their respective distances may 
he compared. 

Having thus supplied the first great want in the 
premises of the ordinary system of geometry, by a 
thorough investigation of the relation of position, 
we shall proceed to construct definitions of the ele- 
mentary species of geometrical figure on the prin- 
ciples established in the foregoing inquiry. 

We have seen that the shape of a line or nature 
. of the track pursued by a point in motion, depends 
upon the direction of the motion, or of the line at 
the points successively brought under notice in the 
apprehension or imagination of the entire line.. 
The very conception then of linear figure, supposes 
the capacity of comparing the direction from 
one instant to another, in the track of motion. 
The moment we lose count of our direction, as in 
wandering in a wood or in the streets of a crowded 
city, we lose all knowledge of the track we are 
pursuing, as completely as if we were earned 
along in the cabin of a ship or in a railway 
carriage. 

We may then suppose a point to move for any 
extent in the same direction ; or, after moving for 
a certain extent in a given direction, it may be 
supposed to diverge for a while in a track of any 
other description and again to return to the ori- 
ginal direction. In the former case, the point will 
move in a straight line ; in the latter (neglecting 
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that part of the path traversed in the intermediate 
period), it will move first in one straight line and 
afterwards in a second one parallel to the first. 

A straight line may, accordingly, be defined as 
a line lying throughout in the same direction, or 
a line passing through each successive point in 
space situate in a certain given direction from a 
given point. In like manner, the definition of 
parallel straight lines will he, straight lines lying 
in the same direction in a system and not forming 
parts of the same straight line. 

Here it will be observed, that the characters of 
straightness and parallelism, each of them attri- 
butes of the entire line, are reduced to the single 
relation of identity of direction, a character of 
each infinitesimal element of the line, and a real 
advance in analysis is embodied in the proposed 
definitions. 

If the fundamental analysis of a plane had been 
equally obvious, it is probable that little difficulty 
would have arisen respecting the validity of the 
former two, but as long as the necessity of resort- 
ing to premises of a description other than defini- 
tions remained, it would be open to doubt with 
which of the actual premises the blame of failure 
ought to lie. Thus the question began to occur. 
What is direction? Is it not simply the position 
of a certain straight line, and is not relative direc- 
tion fundamentally measured by the angle inter- 
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cepted between straight lines in the directions 
compared ? Does not, therefore, the idea of di- 
rection rest upon that of a straight line rather 
than vice versd ? Nor was there any escape from 
the dilemma until the notion of relative direction 
was placed, as in the foregoing inquiry, on a basis 
independent of angular magnitude. 

In our system, the objection meets with a ready 
answer. Direction is a relation incapable of logical 
analysis, designating the mode in which motion 
admits of variation, and of which it exhibits a defi- 
nite phase, at every point in the track pursued; and 
the relation between two directions is fundament- 
ally measured by the proportion in which distance 
in the second admits of resolution into distance in 
the first, and in a transverse or wholly different 
direction respectively. 

The notion of a plane is doubtless originally 
derived from the experience of a solid surface of 
uniform inclination, that is to say, a surface whose 
absolute resistance to motion is everywhere in the 
same direction. In every direction transverse to 
this fundamental direction, the surface may be 
freely traversed, while all motion in the direction 
of the resistance is opposed by the solid substance 
of the body. Thus the motion of a point along a 
solid plane will be limited by the sole condition 
of a total absence of motion in a certain given 
direction, and conversely, if a point be supposed 
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to move in a track the direction of which is every- 
where transverse to a certain constant direction, 
it wall pass through a series of positions related to 
each other as those successively traversed by a 
point moving on a solid plane. Thus a plane may 
be defined as a surface passing through all the 
the points which can he reached from a given 
point by motion transverse to a given direction, 
called the normal to the plane. From such a 
definition it is obvious, that the series of straight 
lines diverging from a point in directions transverse 
to a given direction will be included throughout 
their entire length in the same plane ; and as such 
a series includes directions in every possible rela- 
tion which one direction can bear to another, it 
follows, that any two straight lines meeting in a 
point may be included in a single plane. 

Let C A be a straight line pointing to the left, 
C B transverse to C A, and let a moveable straight 
line, CP, be supposed to revolve round C in the 
plane of C A and C B from left to right, passing 
successively through every direction intermediate 
between C A and C B. Then the portion of plane 
surface intercepted between C A and C P will con- 
tinually increase in magnitude in the part abutting 
upon the point C as the arm C P sweeps over a 
fresh segment of the plane in its progress from 
left to right. In other words, the angular dis- 
tance, as it is called, between C A and C P, or the 
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the magnitude of the angle made by those lines 
(which is measured by the quantity of plane sur- 
face intercepted between them abutting on the 
point of intersection) will continually increase as 
the direction of the moveable arm approaches to 
the relation of transverseness, or as distance in 
the direction C P includes a larger proportion of 
distance in the direction C B, and a less in the 
direction C A. Thus the magnitude of the angle 
between two straight lines may be used to define 
their relative direction; and as the magnitude of 
any angular segment may always be expressed by a 
direct numerical ratio to that of the rectangular seg- 
ment between straight lines in transverse directions 
(which itself constitutes one quarter of the whole 
superficial expanse round any point in a plane), it 
affords a more simple and often more convenient 
measure of the difference in direction than the 
fundamental distinction, by reference to the de- 
composition of distance in the direction of one 
arm of the angle in certain proportions into dis- 
tance in the direction of the other arm, and in a 
direction transverse to it respectively. 

The principles which govern the relations of 
magnitude. Equal, Greater, and Less, are laid 
down in the nine first axioms of Euclid, the 
whole of which may conveniently be replaced by a 
single proposition enouncing the conditions by 
which the equality of given dimensions, or the 
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superior magnitude of one or the other of them, is 
ultimately to be determined. 

The meaning of equality, and of greater and 
less, is identity or excess, on one side or the other, 
in respect of the quantity of space occupied by the 
dimensions compared ; and thus the relative mag- 
nitude of particular dimensions must ultimately be 
tried by bringing them both actually to occupy 
the same space, or making one of them to occupy 
a certain space which is wholly filled by a part of 
the other. And such, in fact, is the end to which 
all processes of measurement are directed, either 
by bringing the dimensions compared into actual 
coincidence with each other (taking them to pieces 
when necessary) or with a third magnitude which 
can readily be compared with both the original 
dimensions. By such means, it is made evident to 
sense whether they occupy the same space, or on 
which side is the excess. In like manner, in order 
to demonstrate or make evident to the under- 
standing the relative magnitude of dimensions 
which are the object of that faculty, as the dimen- 
sions occupying certain positions in definite species 
of figure, it will suffice to shew, from the con- 
struction of the figures in which they lie, that the 
magnitudes compared, or their component parts, 
may be applied to each other, so as wholly to co- 
incide or occupy the same space, or to coincide to 
the whole extent of one of the magnitudes, leaving 
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a portion of the other unoccupied. The result 
in the former case, will be to shew that dimensions 
of the kind in question are necessarily equal to 
each other ; in the latter, that the dimension which 
wholly coincides with a part of the other, is the 
less of the two. Hence the proposition which 
is to replace the axioms of Euclid relating to 
equality and inequality. 

Two equal magnitudes are such, that one of the 
two (or the sum of all its parts) may be made to 
coincide with the other or the sum of all its parts. 
But if one of the two magnitudes, or the sum of 
all its parts, coincide with a portion of the other, 
leaving a portion of the second magnitude unoc- 
cupied, the including magnitude is said to he the 
greater, the included the less. 

The process by which it is shewn that one figure 
may be applied to, or made to coincide with, 
another, for the purpose of ascertaining their rela- 
tive magnitude, is called the proof by superposition, 
and is, in truth, the process upon which all demon- 
stration of equality or excess must fundamentally 
rest. 

The nature of the reasoning is, however, not 
unfrequently misapprehended by beginners, and 
the basis of the demonstration looked on with sus- 
picion, as if the certainty of the conclusion would 
thus be left to depend upon the exactitude of 
particular measurements. But it must be observed. 
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that the process does not consist in actual measure- 
ment of the figures by which the reasoning is 
illustrated, hut in showing from the conditions of 
the case, that figures constructed according to a 
certain plan, when properly applied to each other, 
must necessarily either wholly coincide, or partially 
coincide, leaving a clear excess on the one side or 
the other. 

Whatever may have been the reason which gave 
Euclid a prejudice against this necessary part of 
the proof, it is certain that he keeps it as much as 
possible in the background, and frequently resorts 
to circuitous reasoning and ex absurdo proofs, in 
order to demonstrate propositions, which might 
be proved at once by direct superposition. But no- 
thing is added to the cogency of -demonstration by 
the length of the deductive process ; and it would 
surely be more philosophical in all cases to lead 
the student, by the shortest path, to the basis on 
which his conviction must ultimately rest. 

The definition of proportion, in the fifth book of 
Euclid, is often the source of difficulty to the stu- 
dent, who is conscious that the very complex rela- 
tion described in that proposition, is not what he 
understands under the name of proportion, and 
is embarrassed by the real inconsequence of 
applying the results of Euclid’s demonstrations 
to proportional quantities in his own sense of the 
term. The truth appears to be, that Proportion is 
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an elementary relation, the discernment of which 
between distances observed on different occasions, 
originally gives rise to the conception of magnitude, 
as a quality of which the distances compared ex- 
hibit different phases ; in the same way that the 
discrimination of blue and white and red gives rise 
to the idea of colour, as the quality embracing the 
whole of these phenomena. If colour consisted 
exclusively of white and black, one tint would 
differ from another only in the degree of illumina- 
tion, and the case would be precisely analogous 
with that of magnitude, which differs only in 
degrees of more or less. A greater magnitude is 
then, fundamentally, a dimension which bears a 
greater proportion than a second to some common 
standard ; or conversely, a dimension to which the 
common standard bears a less proportion than to 
a second dimension ; while the second dimension 
is, in either case, determined by the same funda- 
mental conditions as the less of the two magni- 
tudes. 

Thus an increase of the antecedent of two di- 
mensions, or a diminution of the consequent, cor- 
responds to an increase of the proportion between 
them, and conversely a diminution of the antece- 
dent, or an increase of the consequent to a dimi- 
nution of the proportion. It is evident then, that 
by making both members of a proportion greater 
or smaller in the same proportion, that is, by 
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adding to or subtracting from both members mag- 
nitude in the same proportion with that between 
the original members themselves, no alteration 
will be made in the proportion, which will be as 
much increased by the addition of magnitude to 
the antecedent, as it is diminished by the addi- 
tion of proportional quantity to the consequent, 
and vice versa. When the proportion between two 
dimensions or their relation in respect of magni- 
tude is the same with that between two other 
dimensions, the four are elliptically said to be 
proportional, or to be in proportion, meaning that 
they are in the same or in equal proportion. 

From the foregoing view of the connection be- 
tween magnitude and proportion, all the proposi- 
tions of the fifth book of Euclid are immediate 
consequences. Thus, the multiplication of both 
members of a proportion, or a ratio, as it is called 
in Euclid, is the continued addition to each of 
magnitude in the same proportion with the 
original, and the division of both members by the 
same quantity being the converse of the foregoing 
operation, must give rise to parts in the same 
proportion with the wholes from whence they were 
derived. 

Again, if A be to B as C to D, and C be sub- 
stituted for B in the first ratio, the like alteration 
4ii ust be made in the second, in order to preserve 
the identity of the two proportions; that is to say, 
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the consequent in the second ratio must also be 
altered in the proportion of B to C, or the ante- 
cedent in the opposite proportion of C to B. 
Therefore, if C be substituted for B in the first 
ratio, the identity of the two relations will be pre- 
served by substituting B for C in the opposite 
member of the second ratio, or if A be to B as C 
to D, A will be to C as B to D. 

The notion of magnitude is transferred from 
linear to superficial extension by reference to the 
comparative extent of motion for which scope is 
given by surfaces of different size, without going 
twice over the same ground. The magnitude of a 
surface is apprehended by passing the finger over 
the entire surface ; in which operation the size of 
the bodily organ must evidently be taken into 
account, inasmuch as the motion of which a ma- 
thematical point is capable without going twice 
over the same ground, is infinite in extent as well 
in a small surface as in a large one. In reasoning, 
therefore, concerning the proportion of superficial 
magnitudes, the surfaces compared must be con- 
sidered as ultimately composed of lines of finite 
thickness, however small. We may thus conceive 
rectangles as composed of a series of straight lines, 
each equal and parallel to the base, and all of the 
same thickness. Rectangles, therefore, of the 
same height, will be composed of the same number 
of parallel lines, each equal to the base of the 
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rectangle to which it belongs ; and the magnitude 
of the rectangles, which is measured by the total 
length of line into which each rectangle can be ( 

divided, will be proportional to the length of their 
bases. * 

We have indicated in the preceding pages the 
chief deficiencies to be supplied and alterations to 
be made in the premises of Euclid. One or two con- 
siderable variations will also be found in the body 
of the science. In the first place, the problems 
are omitted as being wholly unessential to the de- 
monstration of the theorems with which thev are 

% 

connected. The student has credit in the postu- 
lates of Euclid for the possession of a ruler and a 
pair of compasses, and whenever the proof of a 
proposition requires any addition to the figures 
mentioned in the statement of the proposition, a 
problem is thought necessary in order to show him 
the means of describing the additional figure with 
those implements. The only object which can be 
gained by such a proceeding, is either to teach the 
student to describe the figure with exactitude, or 
to show the inherent possibility of the construc- 
tion. With respect to the former purpose, it must , 

be borne in mind, that the figure by which the 
proof is commonly accompanied is not itself the 
subject of reasoning, but merely an illustration in 
order to aid the student in conceiving the species 
to which the reasoning relates, and to enable the 
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geometer to speak with clearness of its separate 
parts. So long as it serves this purpose, it matters 
little how rude the illustration may be. On the 
other hand, the possibility of a construction pro- 
perly framed will need no extraneous proof. The 
student of geometry must obviously have credit 
for the conception of the figures which form the 
subject of the science ; and to that effect he must 
be acquainted with the elementary materials of 
form, with the attributes and relations by which 
they are to be moulded into definite systems. 
Now, the impossibility of a certain construction, 
or its incapacity of actual existence, must arise 
from some essential incongruity in the conditions 
on which the construction is based, and the same 
objection would equally be fatal to the distinct 
conception of the system. All our ideas being 
ultimately derived from experience, whatever can 
be distinctly conceived is inherently capable of 
exhibition in actual existence. The student, there- 
fore, will carry in his own mind the only proof he 
requires of the possibility of any construction 
which he can distinctly imagine, nor will his con- 
viction in such possibility be in any way increased 
by a problem shewing him a particular means of 
mechanical execution. Thus the capacity of divi- 
sion into parts being an essential attribute of every 
kind of magnitude, the student will be capable of 
conceiving the division of any magnitude, as an 
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angle, into two equal parts, or in any other pro- 
portion, and will require no further proof of the 
possibility of such an operation when called for in 
the course of demonstration. The geometer will, 
of course, have to take care that he proposes such 
constructions only as the student is able to carry 
out, an end which will effectually be secured so 
long as the position of each fresh element to be 
used in construction be defined by a simple rela- 
tion to portions already fixed in the system . 1 

The principle of arrangement adopted in the 
following system, has been to place the propositions 
in an order in which each admits of being proved 
by direct reasoning, wholly avoiding the employ- 
ment of ex absurdo demonstration. For that pur- 
pose, it has been found necessary to take some 
propositions relating to circles before all the geo- 
metry of triangles has been exhausted ; and thus, 
somewhat to disturb the symmetry of Euclid's 
arrangement. It is not to be supposed that the 
conclusion from direct, is of greater cogency than 
that from ex absurdo reasoning. But, in the one 
case, the reasoning shews that the subject of the 
proposition is in the demonstrated predicament ; in 
the other, that it must be so, leaving a craving in 
the mind to know how the necessity directly 
arises out of the essential nature of the figure. 
The two modes of proof are, in fact, examples of 
what are called synthetical and analytical reason- 
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ing respectively. In the former, the reasoner 
starts from elements completely known in the 
aspect under which they present themselves to the 
faculties of actual apprehension, and by combining 
them in known relations, he attains the conception 
of more complex objects known in like manner, 
the complex relations of which it is the office of 
the reasoning to show from the principle of their 
construction. 

In analytical reasoning, on the other hand, the 
subject of reasoning is, in the first instance, 
known only from some relation to other objects, or 
complex relation between its own parts ; and the 
object of reasoning is to determine the funda- 
mental nature of the subject, or the features by 
which it is known in the act of simple apprehen- 
sion. Now, in ex absurdo demonstration, the real 
object of research is to ascertain whether a given 
relation between certain elements is or is not in 
accordance with the fundamental constitution of 
the system. For the purpose of trying this ques- 
tion, the affirmative is assumed; a secondary sys- 
tem is constructed on the basis of the assumed 
relations, the attributes of which the geometer 
proceeds to investigate, until he arrives at some 
conclusion directly opposed to his previous know- 
ledge. He concludes that the assumption, of 
which the absurd conclusion is a necessary con- 
sequence, must itself be untrue, or, in other words. 
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that the relation under inquiry is incompatible 
with the nature of the elements between which it 
was supposed to hold good. It is plain, then, that 
the system constructed on the erroneous suppo 
sition cannot be distinctly conceived or completely 
known as an object of actual apprehension; and 
the reasoning by which the essential incongruity 
of the construction is brought to light will fall 
under the head of analytical reasoning. Thus, all 
ex absurdo demonstration should, if possible, be 
excluded from geometry, the peculiar character- 
istic of which is supposed to be, that it affords a 
perfect example of synthetical reasoning. 
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DEFINITIONS. 

I. — Position. 

The position of a point is the relation depending 
on the character, in respect of distance and direc- 
tion, of the space by which it is separated from 
some fundamental point; so that points connected 
with the same fundamental point by tracks iden- 
tical, in respect of distance and direction, are in 
the same position ; and points in the same position 
are at the same distance in any given direction 
from the same fundamental point. 

II. — Opposition. 

Two directions are opposed to each other when 
distance in the one, in the determination of posi- 
tion, exactly nullifies the same amount of distance 
in the other; that is to say, when the spectator 
having advanced a certain distance in the one 
direction, is brought back by the same distance in 
the other to the position originally occupied. 

III. — Transverseness. 

A direction is transverse to another when mo- 
tion to any extent in the second is compatible with 
a total absence of motion in the first ; or when 
motion in the second is wholly without effect in 
producing motion in the first. 

c 5 
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IV. — Obliquity. 

A direction is oblique to another when distance 
in the one essentially constitutes distance in the 
other as well as in a direction transverse to it, 
or when distance in the one admits of being wholly 
decomposed into distance in the other, and in a 
direction transverse to it. 

V. — Rigidity or Fixedness. 

A rigid or fixed system is one in which all the 
points remain in the same relative position, while 
the entire system may be moved from place to 
place in external space. 

VI. — Coincidence. 

Points in the same position are said to coincide. 
Lines, surfaces, and solids coincide respectively 
when every point in each of the magnitudes com- 
pared coincides with a corresponding point in the 
other. 

VII. — Straight Line. 

A straight line is a line passing through each 
successive point that can be reached from a given 
point by motion in a single constant direction. 

VIII. — Parallel Straight Lines. 

Parallel straight lines are straight lines lying in 
the same direction in a system and not forming 
parts of the same straight line. 


Digitized by Google 



- DEFINITIONS. 


35 


IX. — Plane Surface. 

A plane is a surface passing through every point 
that can be reached from a given point under the 
condition of a total absence of motion in a certain 
constant direction, called the normal to the plane, 
or, in other words, through every point which can 
be reached by motion transverse to a certain con- 
stant direction. 


X. — Circle. 

A circle is a line passing through every point in 
a plane which lies at a certain given distance from 
a point called the centre of the circle. 

A straight line from the centre to the circum- 
ference is called the radius. 

XI. — Triangle. 

A triangle is a plane rectilinear figure of three 
sides. 

XII. — Parallelogram, Rectangle, Square. 

A parallelogram is a plane rectilineal figure of 
four sides of which the opposite sides are parallel 
to each other. 

When the angles are all right angles the paral- 
lelogram becomes a rectangle ; and when all the 
sides are equal the figure is a square. 
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XIII. — Equal, Greater, Less. 

Magnitudes are equal to each other when the 
one may be made exactly to coincide with the 
other, or when they may be divided into a num- 
ber of parts, so that the sum of all the parts of the 
one may be made to coincide with the sum of all 
the parts of the other. 

But when the magnitudes are such that the 
whole of the one may be made to coincide with a 
part of the other, or when the sum of all the parts 
of the one is contained within the sum of all the 
parts of the other, leaving some part of the latter 
unoccupied, the containing magnitude is the 
greater, the contained the less. 

XIY. — Angle. 

Two straight lines meeting in a point are said 
to make an angle at that point, the magnitude of 
which is measured by the quantity of plane sur- 
face abutting on the point of intersection between 
the straight lines or arms of the angle. 

XV. — Right Angle. 

When a straight line standing on another 
straight line makes the adjacent angles equal to 
each other, each of the angles is called a right angle , 
and the straight line which stands on the other is 
called perpendicular. 
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I. 

Straight lines from the same point and in the 
same direction coincide. 

Let AB, AC, be two straight lines lying in the 
same direction from the point A. In either of 
these as A B take any point b, and let c be a point 
in AC, such that Ac is equal to A b. Then the 
tracks, by which the position of the points b and c 
are determined, are identical in respect of distance 
and direction, and the points b and c coincide; that 
is to say, any point in either of the lines A B, A C 
(and, therefore, every point in each of those lines) 
corresponds with a corresponding point in the other. 
Therefore, the lines A B, AC, wholly coincide. 

II. 

If two straight lines coincide in any two points, 
they coincide throughout to the extent of their 
joint length. 

Let the straight lines 1 and 2 coincide in the 
points A and B, and let C be any point in line 1, 
on the same side of A with the point B ; C' a poin' 
in line 2, on the same side of A with B, and at the 
same distance as C from A. 
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Then, because A, B, and C, are points in the 
same straight line, B and C lie in the same direc- 
tion from A ; and, for a like reason, the points B 
and C' are in the same direction from A. There- 
fore the points C and C', being in the same direc- 
tion from A, with a common point B, are in the 
same direction from that point with each other ; 
and they are, by the construction, at the same 
distance from A, therefore the points C and C' co- 
incide. That is to say, any point in either of the 
lines 1 and 2 (as far as they jointly extend in 
distance) coincides with a corresponding point 
in the other, and therefore the lines coincide 
throughout. 


III. 

Straight lines joining any two points in a plane 
surface fall wholly within the plane. 

Let A B be a straight line joining any two points 
in a plane. Then the spectator, moving along the 
plane from A to B, will be without motion in the 
direction of the normal (Def. 9) ; or in other 
words, the distance of B from A in the direction 
of the normal is null. Therefore, a spectator 
moving direct from A to B, along the line A B, 
will be without motion in the direction of the 
normal ; and A B, by the definition, will be a 
line in the plane. 
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IY. 

Straight lines in opposite directions from the 
same point form parts of a single straight line. 

Let AB, AC, be straight lines in opposite di- 
rections from the point A, and let the spectator 
proceed along A B from A to B. Then B A is 
manifestly the direction in which he must return, 
in order to reach the point A from whence he 
started; that is to say, BA is the opposite to AB, 
and is therefore in the same direction with A C, 
and B A C forms a single straight line. 

V. 

All right angles are equal. 

Let B A C, E D F, he any two right angles 
(fig. 2), and let B A and E D be produced to G and 
H respectively. 

Let the plane E D F H be superimposed upon 
the plane B A C G, so that the point A shall coin- 
cide with the point D, and the straight line E D H 
with BAG. Then the plane surface abutting on 
the point D, between D E and D H, on the side 
towards F, consisting of the angular spaces EDH, 
F D H, will coincide with the surface abutting on 
the point A, between A B and A G, on the side 
towards C, consisting of the angular spaces B A C, 
C A G. Therefore the angles EDF, F D H, are 
together equal to the angles B A C, C A G. But 
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the two together, E D F, F D H, are together 
double of E D F ; and B A C, C A G, are double 
of B A C. Therefore B A C is equal to E D F. 

Cor. 1. — As division produces no alteration in 
the magnitude of a figure, the angular expansion 
round a point in a straight line on one side of the 
line is equal to two right angles, in whatever man- 
ner it may be divided, whether into two equal or 
unequal angles, or into any number of angles. 

Cor. 2 . — The whole angular expansion round a 
point in a plane is equal to four right angles. 


VI. 

If a straight line standing on two other straight 
lines make the adjacent angles equal to two right 
angles, the two straight lines form a single straight 
line. 

Let B D (fig. 3) be a straight line, making with 
the straight lines BA, BE, the angles DBA, 
D B E, equal to two right angles ; the straight 
lines BA, BE, will form a single straight line 
ABE. 

Let A B be produced on the other side of B to 
any point F. Then the angular expansion A B D, 
D B F, is equal to two right angles, and therefore, 
by tbe hypothesis, to the two angles DBA, DBE. 
Take away the angle A B D, and the remaining 
angle DBF will be equal to the remaining angle 
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D B E. Therefore the arm B F coincides with 
B E, and A B E is a straight line. 

VIT. — Euclid I. 15. 

The vertical or opposite angles, made by two 
straight lines cutting each other, are equal to each 
other. 

Let the two straight lines A B, C D (Fig. 4), cut 
one another in the point E, the angle A E C shall 
be equal to the angle DEB, and CEB to AED. 

The angles A E C and C E B, on one side of the 
straight line AB, are together equal to two right 
angles; and the angles CEB, BED, on one side 
of the straight line C D, are also equal to two right 
angles; wherefore the angles A EC, CEB, are 
together equal to the two CEB, BED. Take 
away the common angle CEB, and the remaining 
angle C E A is equal to the remaining angle DEB. 

In the same way it may be proved that the 
angles CEB, AED, are equal. 

Cor . — The four angles made by two straight 
lines crossing each other at a right angle, are all 
right angles. 


VIII. 

The perpendicular is transverse to the straight 
line on which it stands, and conversely a straight 
line meeting another in a transverse direction is 
at right angles to it. 
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Let C D (Fig. 5), be a straight line perpendicular 
to C A, and let C A be produced on the other side 
of C, to a point B, and let C A point to the left, 
C B to the right. Now let the point C remain fixed 
while the plane C AD B is turned over upon its face, 
so that the position of every point in the system 
shall be precisely reversed with respect to right and 
left of the point C, while no difference is made in 
the position of points in a direction up and down 
the paper; and let A'B'D' be the position of A, 
B, D in the reversed system. Then as C B for- 
merly pointed directly to the right, it will now point 
left, and thus, as C B 7 , will coincide with C A, and 
C A' for the same reason with C B. But the angle 
BCD equals the angle A C D, being both right 
angles; therefore the angle B 7 C D 7 (which is the 
angle B C D in its new position) or A C D 7 is equal 
v to the angle A C D. Therefore C D 7 coincides 
with C D, or, in other words, there is no change in 
the position of C D. No point, therefore, in C D, 
can lie either to the right or left of the point C, 
or the spectator, advancing along C D, would be 
without motion in the direction CAorCB; that 
is to say, C D is transverse to C A and C B. 

Next, let C D be transverse to C A, C B. Then 
let the position of the plane C A D B be reversed 
as before, and A 7 , B', be the new positions of the 
points A, B. 

Then, because C D is transverse to C B, no point 
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in C D lies either to the right or left of C, and the 
position of C D will remain unaltered in the reversed 
figure. Moreover, C B', for the same reason as 
before, will coincide with CA, and the angle 
B'CD with the angle ACD; therefore, the angle 
B C D is equal to A C D, or they are both right 
angles, and C D is perpendicular to C A or C B. 

Cor. If one direction be transverse to a second, 
the second is also transverse to the first. 

IX. 

If two straight lines pointing in the same direc- 
tion make equal angles with two other straight 
lines in the same plane, the latter are also in 
the same direction. 

And conversely if two straight lines in the same 
direction with each other intersect two other 
straight lines also in the same direction with each 
other, the angles between each pair of intersect- 
ing lines are equal. 

If A B, D E (Fig. 6) be straight lines in the 
same direction and they meet the lines AC, 
D F in the same plane, making the angle 
B A C equal to E D F, the straight line A C shall 
be in the same direction with D F. 

And conversely, if A B and A C be in the same 
direction with DE, DF respectively, the angle 
B A C shall be equal to the angle E D F. 

First, let the angle B A C be equal to the angle 
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EDF; join A D, and let the angle BAG slide 
along the line A D without any change of direc- 
tion in any of the lines of the system until the 
point A is brought to coincide with D. Then, 
because DE is in the same direction with AB, 
the two lines will coincide ; and because the angle 
B A C is equal to E D F, when A is brought to D 
the angles will also coincide, and the line A C will 
coincide with D F ; therefore A C is in the same 
direction with D F. 

In the next place, let A B, AC be in the same 
directions respectively with D E, D F ; and the 
same construction being made when A is brought 
to D, A B will coincide with D E, and A E with 
D F ; therefore the angle B A C is equal to the 
angle EDF. 


X. 

Two parallel lines may always be included in 
the same plane. 

Let A B, C D (Fig. 7 ) be parallel straight lines, 
A C a straight line cutting them, and let A E, 
C F be straight lines in the direction of the normal 
to the plane AC, A B. 

Then, because CD is in same direction with 
A B, it will be transverse to every direction to which 
A B is transverse, and, therefore, to the direction 
A E or C F. C D is, therefore, a line in the same 
plane with A B and A C. 
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XI. 

Parallel straight lines make equal angles with 
a straight line cutting them; and, conversely, 
straight lines in the same plane making equal 
angles with a straight line cutting them are parallel 
to each other. 

Let AB, CD (Fig. 7) be parallel straight lines, 
ACG a straight line cutting them in A and C res- 
pectively; the angle GAB shall be equal to G C D. 

Because ACG is a straight line, A C and C G 
are in the same direction ; and A B and C D, being 
parallel, are also in the same direction with each 
other. Wherefore (Prop. 9) the angle CAB is 
equal to G C D. 

Next, let A B, CD, be straight lines in the 
same plane, making the angle CAB equal to 
G C D ; C D shall be parallel to A B. 

Because A C is in the same direction with C G, 
and the angle C A B is equal to G C D, therefore 
(Prop. 9, case 2) C D is in the same direction with 
A B, that is, C D and A B are parallel. 

XII. 

Parallel straight lines do not meet if produced 
ever so far both ways. 

Let any straight lines AE. CE (Fig. 4) meet 
in the point E, and let them be produced beyond 
E to B and D ; they cannot again meet if pro- 
duced ever so far (Prop. 2). Then C E and A E 
are in the directions E D and E B respectively, 
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that is to say, they are in different directions, and 
are, therefore, not parallel ; that is to say, lines 
which meet at any distance however great, are not 
parallel, and therefore, conversely, parallel lines 
never meet. 


XIII. 

If a straight line fall on two parallel lines, it 
makes the alternate angles equal to each other, 
and the two interior angles equal to two right 
angles. 

Let F B D, C E be parallel straight lines 
(Fig. 8); A B C a straight line cutting them in B 
and C respectively; the angle FBC shall be equal 
to BCE, and the angles DBC and D C B shall 
be together equal to two right angles. 

Because B D and C E are parallel, the angle 
A C E is equal to the angle A B D, and, therefore, 
to the vertical angle FBC. 

To each of these add the angle DBC. Then 
the angles ACE, DBC are together equal to the 
two F B C, D B C, that is. to two right angles. 

XIV. — Euclid I. 32. 

If one side of a triangle be produced, the ex- 
terior angle is equal to the two interior and oppo- 
site angles; and the three angles of every triangle 
are together equal to two right angles. 

Let ABC (Fig. 9) be a triangle, and let one of 
its sides, B C, he produced to D ; the exterior 
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angle A C D is equal to the two interior and oppo- 
site angles CAB, ABC, and the three interior 
angles ABC, B C A, CAB, are together equal 
to two right angles. 

Through the point C draw C E parallel to A B ; 
and because A B is parallel to C E, and A C meets 
them, the alternate angles B A C, ACE are 
equal. Again, because A B is parallel to C E, and 
B D falls upon them, the exterior angle E C D is 
equal to the interior and opposite angle ABC. 
Therefore the whole angle A C D, consisting of the 
two angles ACE, E C D, is equal to the two in- 
terior and opposite angles A B C, B A C. • 

To each of these add the angle A C B. Then 
the three interior angles of the triangle ABC, 
B A C, B C A will be together equal to the two, 
A C B, ACD; that is, to two right angles. 

Cor. If from any point in a straight line making 
an oblique angle with a second line a third straight 
line be drawn perpendicular to the second, the 
perpendicular will fall on the same side of the 
oblique line with the acute angle, and on the 
opposite side to the obtuse angle. 

XV. — Euclid I. 32, Cor. 

All the interior angles of any rectilineal figure, 
together with four right angles, are equal to twice 
as many right angles as the figure has sides. 

For any rectilinear figure ABCDE (Fig. 10) 
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can be divided into as many triangles as the figure 
has sides, by drawing straight lines from a point F 
within the figure to each of the angles. And by 
the last proposition all the angles of these triangles 
are equal to twice as many right angles as there 
are triangles or sides to the figure. , And the same 
angles are equal to the internal angles of the 
figure, together with the angles at the point F, 
which is the common vertex of the triangles ; that 
is, together with four right angles. Therefore all 
the angles of the figure, together with four right 
angles, are equal to twice as many right angles as 
the figure has sides. 


XVI. 

If two triangles have two sides of the one equal 
to two sides of the other, each to each, and the 
included angles equal, the third sides are also equal, 
.and the remaining angles of the one to the re- 
maining angles of the other, viz. those to which 
the equal sides are opposite. 

Let ABC, DEF (Fig. 11) be two triangles, 
having the sides AB, AC, equal to DE, DF, 
respectively, and the angle B A C equal to E D F. 
The third side B C w ill also be equal to E F, and 
the angles ABC, A C B to the angles DEF, 
D F E respectively. 

Let the triangle ABC be superimposed on 
DEF, so that the point A shall lie on D, A B 
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upon D E, and the plane ABC upon the plane 
DEF. 

Then, because A B is equal to D E, the point B 
will coincide with E ; and because the angle BAC 
is equal to EDF, and A B coincides with D E, 
the line B C will lie on the line D F ; and because 
A C is equal to D F, point C will coincide with D, 
and therefore line D C with D F, and the triangles 
will wholly coincide. Therefore the angle ABC 
is equal to D E F, and angle A C B to D F E. 

Cor . — In triangles having two sides of the one 
equal to two sides of the other respectively, if the 
bases are not equal, the angles at the vertex are 
unequal. 


XVII. 

If two triangles have two angles and one side of 
the one equal to two angles and the corresponding 
side of the other, the triangles are altogether equal ; 
viz. the remaining sides of the one to the remain- 
ing sides of the other to which the equal angles 
are opposite. 

If two angles of the one triangle are equal to 
two angles of the other, the third angles are also 
equal (Prop. 14). 

Let the triangles ABC, DEF (Fig. 11), have 
the angles BAC, B C A, equal to EDF, E F D, 
respectively, and therefore the third angle ABC 
equal to DEF, and let any side A C be equal to 

D 
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D F. The remaining sides AB, BC shall also be 
equal to E D, E F respectively. 

Let the triangle ABC be superimposed on 
D E F, so that A C shall coincide with D F. Then, 
because the angle B A C is equal to EDF, the 
line AB will lie on the line DE, and for a like 
reason the line C B will lie on F E. And because 
B is a point in line A B, it will fall somewhere in 
line D E, and because it is a point in line C B it 
will fall somewhere in F E. It will therefore fall 
on the point E in which D E and F E intersect 
each other, and the sides A B, B C will coincide 
with the sides DE, F E respectively. Therefore, 
the sides A B, B C are equal to DE, F E, respec- 
tively, and the triangles are equal in every respect. 

XVIII. 

The angles at the base of an isosceles triangle, 
or a triangle having two equal sides, are equal to 
each pther ; and, conversely, if the angles at the 
base of a triangle are equal, the opposite sides are 
also equal to each other. 

Let ABC (Fig. 12) be a triangle in which A B 
is equal to A C. The angle ABC will be equal 
to ACB. 

Let the triangle A B C be taken up and laid on 
its face, so that the side A B which was on the left 
of the triangle shall now be on the right, and let 
A' C' B' be the triangle in the reversed position. 
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Then ABC, A' C' B' will be two triangles, 
having the sides A B, A C, equal to the sides A'C', 
A' B', respectively, and the angle B A C equal to 
C'A'B'. Therefore the remaining angles of the 
one are equal to the remaining angles of the other ; 
that is to say, the angle A B C is equal to A'C'B', 
and therefore to the angle A C B. 

Next, let the angle ABC equal A C B. The 
side A B shall be equal to A C. 

The same construction being made, the triangles 
A B C, A' C' B', will be triangles having the angles 
ABC, A C B, respectively equal to angles A'C'B', 
A' B' C', and the side B C equal to C' B'. There- 
fore the remaining sides are equal, and A B is 
equal to A' C' or to A C. 

Cor . — If the angles at the base of a triangle are 
not equal, the opposite sides are unequal, and if 
the sides of a triangle are not equal the opposite 
angles are unequal. 

XIX.— Euclid I. 18. 

If one side of a triangle be greater than another, 
the angle opposite the greater side is greater than 
the angle opposite the less. 

Let ABC (Fig. 13) be a triangle of which the 
side A C is greater than A B ; the angle ABC 
shall be greater than A C B. 

Because A C is greater than A B, let A D, part 
of A C, be equal to A B ; join B D. Then because 
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A D B is the exterior angle of the triangle BDC, 
it is greater than the interior and opposite angle 
D C B. But ADB is equal to A B D, because 
A B D is an isosceles triangle. Therefore the angle 
A B D is likewise greater than the angle A C B. 
Much more then is the angle ABC (which con- 
sists of ABD and D B C) greater than A C B. 

XX. 

If one angle of a triangle be greater than an- 
other, the side opposite the greater angle is greater 
than the side opposite the less. 

Let ABC be a triangle, of which the angle 
A B C is greater than A C B ; the side A C will be 
greater than A B. 

Because the angles at the base of the triangle 
ABC are not equal, the opposite sides are unequal 
(Prop. 18, Cor.); that is, one of the two AB, AC, 
is greater than the other. But in a triangle having 
one side greater than another, the angle opposite 
the greater side is greater than the angle opposite 
the less ; and in the triangle ABC the angle 
A B C is greater than ACB; therefore the angle 
A B C is opposite the greater of the two A B, A C, 
or, in other words, A C is greater than A B. 

XXI. — Euclid I. 20. 

Any two sides of a triangle are together greater 
than the third side. 
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Let A B C be a triangle (Fig. 14), take any side 
B A and produce it at one extremity to D, making 
A D equal to A C the adjacent side, and join D C. 

Because A D is equal to A C, the angle ADC 
is equal to A C D, and the angle B C D is equal to 
B C A and A C D, and is therefore greater than 
ACD, or ADC; and because the angle B D C is 
a triangle in which the angle B C D is greater than 
B D C, therefore the side D B opposite B C D is 
greater than the side B C opposite B D C. But 
D B is equal to B A and A D ; that is, to B A and 
A C. Therefore B A and A C, or any two adjacent 
sides, are greater than the third side B C. 

XXII. — Euclid 1. 21. 

If from the ends of the sides of a triangle two 
straight lines be drawn to a point within the tri- 
angle, these shall be less than the other sides of 
the triangle, but shall include a greater angle. 

Let the two straight lines B D, C D (Fig. 15) be 
drawn from B, C, the ends of the side B C of the 
triangle A B C, to a point D within it ; B D and 
C D together shall be less than the other sides 
BA, AC of the triangle, but shall contain an 
angle B D C greater than the angle B A C. 

Produce B D to meet the side of the triangle in 
E. Then the two sides BA, AE of the triangle 
ABE are greater than the tliird side B E. To each 
of these add E C. Therefore the sides B A, A C are 
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greater than BE, EC. Again, because the two 
sides C E, E D of the triangle C E D are greater 
than C D, to each of these add D B ; therefore the 
sides C E, E B are greater than C D, D B. Much 
more then are the sides BA, AC greater than 
BD,DC. 

Again, because the exterior angle of a triangle 
is greater than the interior and opposite angle, 
the exterior angle BDC of the triangle C D E is 
greater than CED; for a like reason, the angle 
B E C is greater than B A C. Much more then is 
the angle BDC greater than B A C. 

XXIII. — Euclid I. 24. 

If two triangles have two sides of the one 
equal to two sides of the other each to each, but 
the angle contained by the two sides of the one 
greater than the angle contained by the two sides 
equal to them of the other, the base of that which 
has the greater angle shall be greater than the 
base of the other. 

Let ABC, DEE (Fig. 16) be two triangles, 
having the two sides A B, A C equal to the two 
D E, D F each to each ; and the angle B A C 
greater than the angle EDF; the base B C shall 
also be greater than the base E F. 

Of the sides D E, D F let D E be the side which 
is not greater than the other, and let D G be a 
straight line making the angle E D G equal to 
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B A C ; let D G be equal toACorDF; GF, G E 
straight lines joining G with F and E. 

Then, because A B is equal to D E, and A C to 
D G, and the angle B A C to E D G, therefore the 
base B C is equal to EG; and because D G is 
equal to D F, the angle D F G is equal to DGF, 
but the angle D G F is greater than the angle 
E G F, and much more is the angle E F G greater 
than the angle E G F ; therefore the side E G of 
the triangle E G F, which is opposite the angle 
EFG, is greater than E F, the side opposite EFG; 
but E G is equal to B C, therefore B C is greater 
than E F. 


XXIV. 

If two triangles have two sides of the one re- 
spectively equal to two sides of the other, but the 
base of the one greater than the base of the other, 
the angle also contained by the sides of that which 
has the greater base is greater than the angle con- 
tained by the sides equal to them of the other 
triangle. 

In the triangles ABC, DEF (Fig. 17) let A B, 
A C be equal to D E, D F respectively, and let 
E F be greater than B C. Then the angle E D F 
shall be greater than the angle B A C. 

Because the bases B C, E F are not equal (by 
Prop. 16, Cor.), the opposite angles BAC, EDF 
are unequal, or one of them is the greater of the 
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two and (by Prop. 24) the base opposite the greater 
angle is the greater. But in triangles ABC, 
D E F the base E F is greater than AC; there- 
fore E F is opposite the greater of the two angles 
B A C, EDF; that is to say, the angle E D F, to 
which E F is opposite, is greater than B A C. 

XXY. 

If from a point without a straight line a number 
of straight lines be drawn to the former one 
whereof one is perpendicular, the shortest line is 
the perpendicular, and of the others the one 
making a smaller angle with the perpendicular is 
shorter than one making a larger angle with it ; 
and only two equal straight lines can be drawn 
from the point to the straight line, viz., at equal 
angles on either side of the perpendicular. 

Let A (Fig. 18) be a point without the straight 
line DB; A B perpendicular to DB; A C a 
straight line from A cutting DB in C; AD 
another similar line, making angle DAB greater 
than CAB; A E falling on D B on the other side 
of B, making angle B AE equal to B A C. 

Then A B will be the shortest of all the lines 
A B, AC, AD, etc. ; and of the others, AC is 
shorter than A D, and A E is the only line that 
can be drawn from A to D B equal to A C. 

Because the angle ABC is a right angle, the 
angle A C B is less than a right angle ; wherefore 
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the side A C is greater than A B, or A B is shorter 
than any other line drawn from A to D B. 

Again, because the angle A C B is less than a 
right angle, the angle A C D in the triangle ACD 
is greater than a right angle, and, therefore, the 
angle AD,C is less than a right angle, or the 
angle A C D of the triangle A C D is greater than 
ADC; wherefore the side A D is greater than 
the side A C. 

And because the angle B A E is equal to the 
angle B A C, and the angle A B E is equal to the 
angle ABC (being both right angles), the tri- 
angles A B C, A B E have two angles of the one 
equal to two angles of the other, and the side A B 
common to the two. Therefore the triangles 
ABC, A BE are equal, and the side A E is equal 
to A C, and every other line on the other side of 
B from C is (by the present Prop.) either greater 
than A E or less ; wherefore A E is the only line 
that can be drawn from A to D B equal to A C. 

Cor. 1. — If a straight line be shorter than any 
other that can be drawn from a point without a 
straight line to that line, the former straight line 
is perpendicular to the latter. 

Cor. 2. — The perpendicular on the base of an 
isosceles triangle bisects the angle at the vertex. 

XXVI. 

The straight line joining any two points in the 

d 5 
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circumference of a circle falls wholly within the 
circle. 

Let A B (Fig. 19) be a straight line joining A 
and B points in the circumference of a circle whose 
centre is C. A B will fall wholly within the circle. 

Let C A, C B be radii of the circle at the points 
A and B ; CD perpendicular to A B. Then 
(Prop. 25, Cor. 2) C D bisects the angle B A C, and 
every straight line from C to the straight line AB, 
between C A and C B, will be less than C A or 
C B (Prop. 25) , and therefore every point in A B 
falls within the circle. 

XXVII. 

If a straight line joining any two points in the 
circumference of a circle be bisected, and a per- 
pendicular erected at the point of bisection, the 
centre of the circle lies in the perpendicular. 

Let A and B (Fig. 20) be points in a circle, and 
let the straight line A B be bisected in D ; DC 
perpendicular to AB. The centre of the circle 
will be in the line D C. 

Let F be any point within the circle not in the 
straight line DC. Join FA, F B, of which FA 
cuts D C in E. Join E B. Then E A is equal to 
E B (Prop. 26), and A F is equal to A E and E F, 
that is, to E B and E F. But E B and E F are 
together greater than F B, the third side of the 
triangle E B F j therefore A F is greater than F B. 
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Wherefore F is not the centre of the circle, or, in 
other words, the centre of the circle does not lie 
in any point without the perpendicular C D, that 
is, it lies upon it. 


XXVIII. 

If a straight line cut a circle, it shall cut it 
again at a point at an equal distance on the other 
side of the perpendicular from the centre and at 
no other point. 

Let the straight line A B (Fig. 19) cut the circle 
whose centre is C, at the point A, and let C D be 
perpendicular upon A B. A B shall cut the circle 
again at a point B so that D B is equal to DA, 
and at no other point. 

Join C B, C A. Then because D A is equal to 
D B, and C D is common to the triangles CDA, 
C D B, and the angles CDA, C D B are both right 
angles, the sides DA, CD are respectively equal 
to the two D B, DC, and the included angle 
C D A is equal to the angle CDB; wherefore the 
triangles are equal and the base C B is equal to 
C A, or B is a point in the circle, and the line 
A B (Prop. 27) falls wholly within the circle. 

And because no other line besides C B can be 
drawn from C to A B equal to C A (Prop. 26), no 
other point in A B coincides with any point in the 
circle ; or, in other words, the straight line A B 
cuts the circle in no other point. 
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XXIX. 

The perpendicular at the extremity of a diameter 
falls without the circle, and no straight line can be 
drawn between that and the circle so as not to cut 
the circle. 

Let AB (Fig. 21) be the diameter of a circle; 
C, the centre ; B E perpendicular to B C. BE 
will fall wholly without the circle, and no straight 
line can be drawn between B E and the circle so 
as not to cut the circle. 

• Let C F be a line joining C and any point F in 
B E. Then, because C B F is a right angle, the 
angle C F B is less than a right angle ; wherefore 
C F is greater than C B, or the point F lies with- 
out the circle. 

Next let B D be any other straight line through 
B, and let C D be perpendicular to B D. Then 
because C D B is a right angle, C D B is greater 
than CBD, and C B is greater than C D ; or the 
point D falls within the circle. And any line from 
C to DB, beyond C B, will be greater than C B ; 
wherefore every part of the line D B on the other 
side of B will fall without the circle. Therefore 
the circle intersects D B in B. 

Cor . — If a straight line touch a circle, the 
centre of the circle lies in the perpendicular to the 
touching line at the point of contact. 
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XXX— Euclid III. 7. 

If any point be taken in the diameter of a circle 
which is not the centre, of all the straight lines 
that can be drawn from it to the circumference 
the greatest is that in which the centre is, and the 
other part of the diameter is the least ; and of any 
others, that which makes a less angle with the 
line which passes through the centre is greater 
than the one which makes a greater angle: and 
from the same point there can only be draw y n two 
straight lines that are equal to one another, one 
upon each side of the shortest line. 

Let ABCD (Fig. 22) be a circle, and A D its 
diameter in which let any point F be taken which 
is not the centre. Let the centre be E ; of all 
straight lines drawn from F to the circumference, 
FA, F B, F C, etc., F A is the greatest and F D 
is the least : and of the others, F B which makes a 
smaller angle with F A is greater than F C which 
makes a greater angle with it. 

Join BE, CE, and because two sides of a tri- 
angle are greater than the third, B E, E F are 
greater than B F. But A E is equal to E B, there- 
fore A E, E F, that is A F, is greater than B F. 

Again, because B E is equal to C E, the two 
sides B E, E F are equal to the two C E, E F, but 
the angle B E F is greater than CEF; therefore 
the base B F is greater than the base C F. Again, 
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because C F, F E are greater than E C, and E C is 
equal to E D; C F, F E are greater than E D, that 
is, than E F, F D. Take away the common part 
FE, and the remainder CF is greater than FD. 
Therefore F A is the greatest and F D the least of 
all the lines from F to the circumference. 

Also there can only be drawn two equal lines 
from F to the circumference, one upon each side 
of the shortest line F D. At the point E let the 
line E F make the angle F E H equal to the angle 
C E F and join F H. Then because C E is equal 
to E H, and F E is common to the triangles FE H, 
C E F, the two sides C E, F E are equal to the two 
F E, EH respectively, and the angle C E F is equal 
to the angle 1IEF; therefore the base F C is 
equal to the base F H. And every other line from 
F to the circumference beyond F H is, by the pro- 
position, greater than F H, and any line between 
F H and F D is smaller than F II, therefore there 
is no other line than F H equal to F C. 

XXXI. 

If any point be taken without a circle and 
straight lines be drawn from it to the circum- 
ference, whereof one passes through the centre ; of 
those which fall upon the concave circumference 
the greatest is that which passes through the cen- 
tre, and of the rest, that which makes a less angle 
with the line passing through the centre is greater 
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than that which makes a greater angle with it. 
But of those which fall upon the convex circum- 
ference, the least is that, which produced, passes 
through the centre; and of the rest, that which 
makes a less angle with the shortest line is less 
than that which makes a larger angle with it. And 
if a line be drawn touching the circle, it shall be 
the greatest of all the lines falling on the convex 
circumference and less than any of those falling 
on the concave circumference. And only two 
equal straight lines can be drawn from the point 
to the circumference, one upon each side of the 
shortest line. 

Let D (Fig. 23) be a point without a circle 
G A F ; D A, DE, D F (of which D A passes 
through M the centre of the circle) straight lines 
from D to the concave part of the circumference, 
falling on the convex part in G, K, L, respectively. 
Then of the lines DA, D E, D F, etc., t) A is the 
greatest ; and of the others, D E, which makes a 
smaller angle with D A, is greater than D F, which 
makes a larger angle with it ; and of the lines 
D G, D K, D L, etc., D G is the shortest ; and of 
the others, D K, which makes a smaller angle with 
D G, is less than D L, which makes a greater. 

Join M E, M F, M K, M L. Then because AM 
is equal to E M, add M D to each, therefore A D 
is equal to E M, M D. But E M, M D are greater 
than E D ; therefore A D is greater than E D. 


Digitized by Googl 



61 -PROPOSITIONS. 

And because tlie two D K, M K are greater than 
M D, or D G, G M, and M G is equal to M K, the 
remaining line D K is greater than D G, or of 
lines falling on the concave circumference, the 
largest is that which passes through the centre; 
and of those which fall on the convex circum- 
ference, the shortest is that which, produced, passes 
through the centre. 

Again, because the line D E cuts the circle in K 
and E, the part of the circle on the other side of 
D E, lies between the straight lines M K, M E ; 
wherefore if a line on the other side of DE cuts 
the circle at all, it will cut it at points situate 
between M E and M K ; therefore the lines M F 
and M L lie on the other side of M E and M K 
from M A and M D respectively, or the angle 
DME is greater than the angle DMF, and 
D M L is greater than D M K. 

But M F is equal to M E, and D M is common 
to the triangles DME, D M F; therefore the base 
DE is greater than the base D F, or of lines 
falling on the concave circumference, the one 
making a less angle with D M is greater than one 
making a greater angle. 

Again, because M L is equal to M K, and M D 
common to the triangles D M L, D M K, but 
the angle D M L greater than DMK, the base 
D L is greater than the base DK; or of lines 
falling on the convex circumference, the one 
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. making a greater angle with D M is greater than 
the one making a less. 

Next, let D P be drawn touching the circle at 
P D P shall be the greatest of all the lines D G, 
DK, DL, etc., and less than any of the lines D F, 
D E, etc. 

Because D P touches the circle at P, no line on 
the other side of DP can touch the circle, or M D P 
is the greatest angle at which a line can be drawn 
from D so as to meet the circle ; and, therefore 
(by the present Prop.), D P is the greatest of all 
the lines falling on the convex circumference. 

Join M P: and because D P is the furthest line 
from D A which meets the circle, every other line 
on the same side of D A, which meets the circle, 
lies between D P and D A, and therefore cuts the 
line P M somewhere between P and M. Let D F 
be any such line cutting P M in N, and falling on 
the concave circumference at F. 

Then because D P N is a right angle (Prop. 30, 
Cor. 1), the angle D P N is greater than D N P, and 
D N is greater than D P. Much more, then, are 
D N and N F or D F greater than D P, or the line 
touching the circle is less than any of the lines 
falling on the concave circumference. 

Also, there can be but one line drawn from D 
to the circumference equal to D K, viz., on the 
other side of the least line D G. 

Let the angle D M B be equal to the angle 
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D M K. Join D B. Then because M B is equal 
to M K, M D common to the triangles D M B, 
D M K, and the angle D M B equal toDMK, the 
base D B is equal to D K. And every line drawn 
to meet the circle between D G and D B is less 
than D B, and on the other side of D B is greater 
than D B. Therefore, D B is the only line which 
can be drawn from D to the circle equal toDK. 

XXXII. 

If two circles touch each other internally or 
externally, the straight line joining their centres 
passes through the point of contact. 

First, let two circles touch each other internally 
at the point A (Fig. 24), and let A F be the 
straight l in e touching the external circle ; D the 
centre of the external, C of the internal circle. The 
straight line D C produced will pass through A. 

Join A I) : and because A F touches the circle 
D in point A (Prop. 29, Cor.) A D is perpendicular 
to A F, and because the circle C meets the circle D 
at the point A, and the circle D meets the straight 
line A F at the same point, therefore the circle C 
also meets the straight line AF at the point A. But 
the circle D is external to the circle C, and the line 
A F is external to the circle D; much more then is 
the line A F external to the circle C. Therefore the 
line A F touches the circle C at the point A ; and 
because A D is perpendicular to A F (Prop. 29, 
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Cor.) the centre C lies in the line A D, and the 
straight line D C prolonged passes through A, the 
point of contact. 

Next, let the circles whose centres are C and D 
touch each other externally at the point A (Fig. 25). 
Join DA, C A, and let D G be a straight line from 
the centre D of either of the circles to the circum- 
ference of the other. Then, because the circles touch 
each other externally at the point A, the shortest 
line that can be drawn from D to the circle C can- 
hot be less than D A, or, in other words, D A cannot 
be greater than any other line drawn from D to 
the circle C. But every line from D to circle C 
not passing through the centre (Prop. 32) of the 
latter circle is greater than the line passing 
through the centre. Therefore D A cannot be 
one of the lines from D to the circle C not passing 
through the centre C, that is, it does pass through 
that point. 

Coi \ — One circle can touch another at one point 
only, whether internally or externally. 

XXXIII. 

If two circles intersect each other, they inter- 
sect each other twice, at equal distances on either 
side of the straight line joining their centres, and 
at no other point. 

Let A and B (Figs. 26 and 27) be two circles 
intersecting each other at the point D ; C and K 
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their centres ; the two circles shall also intersect 
each other at a point E, as far below the line C K 
as D is above it, and at no other point. 

Join either of the centres C with D, and let DE 
be perpendicular to C K (produced if necessary) 
cutting it at F, and let FE be equal to FD. Then 
because CF is perpendicular to DE (Prop. 25) 
every straight line from C to any point in D E 
between D and F, is less than C D, or is within the 
circle, and every line to any point in D E, beyond 
D, is greater than C D, or is without the circle ; 
wherefore DE cuts the circle A in D; and because 
C F is perpendicular to B F, and F E is equal to 
DF (Prop. 28), therefore DE cuts the circle A 
again at the point E ; and, for a like reason, D E 
intersects the circle B at the same point. There- 
fore the circles A and B meet at the point E, and as 
the point E is not in the line joining the centres of 
the circles, they cannot touch each other at that 
point, therefore they must intersect each other. 

Nor can the circles intersect at any other point. 
Two cases may be distinguished according as the 
centre of one of the circles is without the other 
circle or not without it. 

First, let the centre C of one of the circles A be 
without the other circle (Fig. 26). Then, because 
C is a point without the circle B, and C K a line 
passing through the centre, and C D and C E equi- 
distant on either side of C K (Prop. 30), every line 
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from C to circle B, between C D and C E, will be 
less than C D or C E ; and, therefore, the segment 
of the circle B, between C D and C E, will fall within 
the circle A. Moreover, every line beyond C D 
on the one side, and C E on the other, falling on 
the convex circumference of the circle B, and 
every line falling on the concave circumference, 
will be greater than C D or C E, and will, there- 
fore, fall without the circle A. Thus, the circles 
•w ill only meet in the points D and E. 

Next, let neither of the centres fall without the 
other circle (Fig. 27). Then, because C is a point 
in the diameter of circle B which is not the centre 
(Prop. 31), every straight line from C to the cir- 
cumference of circle B, between C D and C E, will 
be less than C D or C E, and the segment D E of 
the circle B will fall wholly M r ithin the circle A. 
And every straight line from C to the remaining 
circumference will be greater than CD or C E, 
and will, therefore, fall without the circle A, and 
the two circles will meet each other in the points 
D and E only. 


XXXIV. 

If two triangles have three sides of the one 
equal to three sides of the other, each to each, the 
angles of the one shall be equal to the angles of 
the other each to each, namely, those to which the 
equal sides are opposite. 
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Let ABC, DEF (Fig. 11) be two triangles 
having the three sides A B, B C, C A, respectively 
equal to the three D E, E F, F D. The angles 
B AC, BCA, ABC shall be equal to the angles 
EDF,EFD, DEF respectively. 

Let the triangle A B C be superimposed on the 
triangle DEF, so that the line A C shall lie on 
the line D F. Then, because B is a point in the 
line A B, and A B is equal to D E, the point B 
will be found somewhere in the circumference of 
a circle whose centre is D and radius D E ; and 
because it is also a point in the line B C, and B C 
is equal to E F, the point B will also be found 
somewhere in the circumference of a circle whose 
centre is F and radius E F. It will, therefore, be 
found in the only point E in which the circles 
intersect above the line of centres, and the two 
triangles will wholly coincide ; and, therefore, the 
angles of the one are equal respectively to the 
angles of the other to which the equal sides are 
opposite. 


XXXV. — Euclid I. 33. 

The straight lines which join the extremities of 
two equal and parallel straight lines towards the 
same parts are themselves also equal and parallel. 

Let A B, C D (Fig. 28) be equal and parallel 
straight lines joined towards the same parts by 
the straight lines A C, B D. A C, B D are also 
equal and parallel. 
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Join B C ; and because A B and C D are parallel 
the alternate angles ABC, BCD are equal ; and 
because A B is equal to C D, and B C common to 
the two triangles ABC, BCD, and the angle 
A B C is equal to the angle BCD; therefore the 
base A C is equal to the base B D, and the triangle 
A B C to the triangle BCD, and the angle A C B 
opposite AB to the angle CBD opposite CD. 
And because the straight line D C meets the two 
AC, B D, making the alternate angles A C B, 
CBD equal to one another, A C is parallel to B D. 

XXXVI.— Euclid I. 34. 

The opposite sides and angles of parallelograms 
are equal to one another, and the diameter bisects 
them, or divides them into two equal parts. 

Let A B C D (Fig. 28) be a parallelogram of 
which B C is a diameter ; the opposite sides and 
angles of the figure are equal to each other, and 
the diameter B C bisects it. 

Because A B is parallel to C D, and B C meets 
them, the alternate angles A B C, B C D are equal ; 
and because A C is parallel to B D, and B C meets 
them, the alternate angles A C D, CBD are also 
equal ; wherefore the two triangles A C B, CBD 
have two angles ABC, B C A in one, equal to 
two angles BCD, CBD in the other, each to 
each ; and one side B C common to the two trian- 
gles, which is adjacent to their equal angles. There- 
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fore the triangle B A C is equal to the triangle 
B D C, and the sides AB, AC to the sides C D, 
D B respectively, and the angle CAB to the 
angle BDC. Also, because the angle A B C is 
equal to BCD, and C B D to A C B, the whole 
angle A B D is equal to the whole angle A C D. 
Thus, all the opposite sides and angles are equal 
respectively, and it was shewn that the triangle 
A B C is equal to the triangle BCD; therefore, 
the diameter B C divides the parallelogram into 
two equal parts. 


XXXVII. 

Parallelograms upon the same base and between 
the same parallels are equal to one another. 

Let the parallelograms ABCD, EBCF (Fig. 
29) be upon the same base B C, and between the 
same parallels A F, B C ; they shall be equal to 
each other. 

Because ABCD is a parallelogram, A B is 
parallel and equal to D C ; and because EBCF 
is a parallelogram, E B is equal and parallel to 
C F ; therefore the two, A B, BE, are equal to 
the two DC, CF, respectively, and the angle ABE 
is equal to the angle DCF (Prop. 10), wherefore 
the triangle A B E is equal to the triangle DCF. 
Take the triangle ABE from the rectilineal figure 
A B C F, and from the same figure take the equal 
triangle DCF; therefore the remainders are 
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equal, that is the parallelogram ABCD is equal 
to the parallelogram EBCF. 

XXXVIII.— Euclid I. 36. 

Parallelograms upon equal bases and between 
the same parallels are equal to one another. 

Let ABCD, E F G H (Fig. 30) be parallelo- 
grams upon equal bases, B C, F G, and between 
the same parallels, AH, B G. They are equal to 
each other. 

Join B E, C II. And because B C is equal to 
F G and F G to E H, B C is equal to E H ; but 
B C and E H are parallels joined towards the 
same parts by the straight lines B E, C H. There- 
fore (Prop. 35) B E, C H are themselves equal and 
parallel, and E B C H is a parallelogram, and it is 
equal to A B C D because it is on the same base 
B C, and between the same parallels. For a like 
reason it is equal to the parallelogram EHGF; 
wherefore E H G F is also equal to ABCD. 

XXXIX.— Euclid I. 37. 

Triangles upon the same base and between the 
same parallels are equal to one another. 

Let the triangles ABC, D B C (Fig. 31) be upon 
the same base B C, and between the same parallels 
AD, BC; the triangle A B C is equal to D B C. 

Produce A D both ways to E, F, and through 
B let B E be parallel to CA; and in like manner 
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let C F be parallel to C D. Therefore each of the 
figures EBCA, DBCFisa parallelogram ; and 
E B C A is equal to DBCF, because they are 
upon the same base B C, and between the same 
parallels B C, EF; and the triangle A B C is half 
of the parallelogram EBCA, and the triangle 
D B C is half of the parallelogram DBCF (Prop. 
37) ; wherefore the triangle A B C is equal to the 
triangle DBC. 

XL. 

Triangles upon equal bases and between the 
same parallels are equal to one another. 

Let the triangles ABC, D E F (Fig. 32) be 
upon equal bases B C, E F, and between the same 
parallels B F, A D. The triangle A B C is equal 
to D E F. 

Produce A D both ways to G and H, and let B G 
be parallel to AC, F H parallel to E D : then 
each of the figures GBCA, DEFHisa paral- 
lelogram, and they are equal to each other because 
they are upon equal bases B C, E F, and between 
the same parallels B F, G H ; and the parallelo- 
gram G A B C is double of the triangle ABC, 
and D E F H is double of D E F ; wherefore the 
triangle A B C is equal to D E F. 

XLI. 

If two triangles have one side, and the adjacent 
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angle of the one equal to one side and the adjacent 
angle of the other, and if the triangles are equal 
the other sides are also equal. 

Let ABC, DEF (Fig. 32) he two triangles, 
having the angle B A C equal to the angle E D F, 
and the adjacent side A B equal to D E, and let 
the triangle A B C be equal to the triangle E D F. 
Then the other sides B C, A C are respectively 
equal to E F, D F. 

Let the triangle ABC be super-imposed on 
D E F so that A B shall coincide with D E. Then, 
because the angle B A C is equal to E D F, the 
line A C will lie upon E F, and let the point C 
coincide with the point G in E F (produced if 
necessary). Join E G. Then the triangle DEG 
will be equal to the sum or difference of the 
triangles DEF, E F G, according as G falls 
without or within the base D F ; that is, according 
as D G or A C is greater or less than D F ; and, 
therefore, if A C is greater than D F, the triangle 
D E G or ABC is greater than DEF, and if 
A C is less than D F, the triangle A B C is less 
than DEF. Hence, conversely, if triangle ABC 
is not greater than D E F, A C is not greater than 
D F ; and if A B C is not less than DEF, AC 
is not less than D F ; and, therefore, if the triangle 
A B C is neither greater nor less than D E F, A C 
is neither greater nor less than D F; that is to 
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say, if A B C be equal to D E F, A C is equal to 
D F. And because A C or D6 is equal to DF 
the point G will coincide with F, and the line E G 
with E F; wherefore E G or B C is equal to E F. 

XLII. 

Equal triangles upon the same base, and upon 
the same side of it, are between the same parallels. 

Let the equal triangles ABC, D B C (Fig. 33) 
be upon the same base B C, and upon the same 
side of it; they are between the same parallels. 

Let A E be drawn through A, parallel to B C 
cutting B D (produced if necessary) in E, and 
join AD, EC. 

Then, because A E is parallel to B C, the triangle 
B E C is equal to B A C or B D C. And the equal 
triangles B E C, B D C have the base B C and the 
adjacent angle C B D common, wherefore (Prop. 
41) B D is equal to B E, or the points D and E 
coincide, and, consequently, also the lines A D 
and A E ; therefore, A D is parallel to B C. 

XLIII. 

Equal triangles upon equal bases in the same 
straight line, and towards the same parts, are be- 
tween the same parallels. 

Let ABC, D E F be equal triangles on the 
straight line B F, having base B C equal to base 
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E F. The line A D joining their vertices will 
be parallel to B F.* 

Let A G be parallel to B F, cutting D E (pro- 
duced if necessary) in G. Join F G. Because 
E F is equal to B C, and A G is parallel to B F, 
the triangle G E F is equal to B A C (Prop. 40), 
and therefore to D E F. And the triangles D E F, 
G E F have the side E F, and angle D E F, com- 
mon. Therefore (Prop. 41) the side E D is equal 
to E G or the points D and G coincide, and, 
consequently, also the lines A D, A G. Therefore 
A D is parallel to B F. 

XLIV. — Euclid I. 41. 

A parallelogram is double of the triangle on the 
same base and between the same parallels. 

Let the parallelogram A B C D and the triangle 
E B C (Fig. 34) be upon the same base B C, and 
between the same parallels B C, A E. The paral- 
lelogram A B C D is double of E B C. 

Join A C. Then the triangle A B C is equal to 
EBC, because they are on the same base and 
between the 'same parallels. But the parallelo- 
gram ABCD is double of ABC, wherefore 
also A B C D is double of E B C. 

* The figure has been accidentally omitted, but it differs 
only from that of the last proposition in the bases of the 
two triangles being distinct. 
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XLV. — Euclid I. 43. 

The complements of the parallelograms, which 
are about the diameter of any parallelogram, are 
equal to one another. 

Let ABCD (Fig. 35) be a parallelogram, of 
which the diameter is AC; and E H, F G, the 
parallelograms about A C, that is, through which 
A C passes, and BK,KD the other parallelograms 
which make up the whole figure ABCD, which 
are therefore called the complements. B K shall be 
equal to K D. 

Because A B C D is a parallelogram and A C its 
diameter, the triangle A B C is equal to ADC. 
And for the like reason, the triangle A E K is 
equal to A H K, and K G C to KFC; therefore 
the triangles A E K, I(GC together are equal to 
the triangles A H K, KFC together. And the 
whole triangle A B C is equal to the whole ADC, 
wherefore the remaining complement B K is equal 
to the remaining complement K D. 

XLYI. — Euclid I. 47. 

In any right angled triangle the square which 
is described on the hypothenuse, or side opposite 
the right angle, is equal to the squares described 
upon the sides which contain the right angle. 

Let ABC (Fig. 36) be a right angled triangle 
having the right angle B A C ; the square described 
on the side B C is equal to the squares described 
upon B A, A C. 
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Let B D E C be the square described on B C ; 
G B, H C the squares on the sides BA, AC; the 
line A L parallel to B D or C E. Join F C, B K. 

Then because each of the angles B A C, B A G 
is a right angle AG, AC, are parts of the same 
straight line (Prop. 6); for the same reason B A, 
A H are in the same straight line. And because 
the angle D B C is equal to F B A, each of them 
being a right angle, add to each the angle ABC 
and the whole angle D B A is equal to the whole 
F B C. And because the two sides F B, B C, are 
equal to the two A B, B D, each to each, and the 
included angle F B C to A B D, the triangle F B C 
is equal to the triangle A B D. Now the parallelo- 
gram B L is double of the triangle BAD because 
they are upon the same base B D and between the 
same parallels B D, A L ; and the square G B is 
double of the triangle F B C, because they are 
upon the same base E F and between the same 
parallels F B, G C. Therefore the parallelogram 
B L is equal to the square G B. In the same 
manner it may be shewn that the parallelogram 
C L is equal to the square C H ; therefore the 
whole square B E is equal to the sum of the 
squares B G, C H. 

XL VII. — Euclid I. 48. 

If the square described upon one of the sides of 
a triangle be equal to the sum of the squares 
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described on the two other sides, the angle 
contained by these two sides is a right angle. 

Let ABC (Fig. 37) be a triangle such that the 
square described on B C is equal to the sum of the 
squares on A B, A C ; the angle B A C shall be a 
right angle. 

Let C A D be a right angle on the other side of 
C A from A B ; A D equal to A B ; C D a straight 
line joining C and D. Then, because D A is equal 
to A B, the square of D A is equal to the square of 
A B : to each of these add the square of A C ; 
therefore the squares of AD, AC are together 
equal to the square of A B, A C. But the square 
of D C is equal to the squares of A D and A C 
because C A D is a right angle, and the square of 
B C by hypothesis is equal to the squares of A B, 
A C. Wherefore the square of B C is equal to the 
square of D C, and therefore, also, B C is equal to 
D C. Therefore in the triangles CAD, CAB 
the sides C A, AD, CD are respectively equal to 
the sides C A, A B, C B; wherefore the triangles 
are wholly equal, and the angle C A D is equal 
to the angle CAB; but C A D is a right angle, 
wherefore C A B is also a right angle. 

XLVIIL— Euclid II. 1. 

If there be two straight lines one of which is 
divided into any number of parts, the rectangle 
contained hy the two straight lines is equal to the 
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rectangles contained by the undivided line and the 
several parts of the divided line. 

Let A and B C (Fig. 38) be two straight lines 
whereof B C is divided into parts by the points 
D, E, etc. The rectangle contained by B C and A 
shall be ‘equal to the sum of the rectangles con- 
tained by A and B D, D E, E C. 

Let B H be the rectangle contained by A and 
B C, of which the sides BG, CH are each equal 
to A ; and through D and E let D K, EL be 
parallel to B G or CH. Then the rectangle B H 
is equal to the sum of the rectangles B K, DL, 
EH. But B K is the rectangle contained by 
B D and B G or A, and each of the lines D K, 
E L, etc., is equal to B G or A, and therefore D L 
is the rectangle contained by D E and A; EH 
the rectangle contained by E C and A, and so on. 

Wherefore the rectangle contained by B C and 
A is equal to the sum of the rectangles contained 
by A and each of the parts B D, D E, E C. 

Cor. 1. — By making A equal to the whole line 
considered as divided into two parts, it appears that 
if a straight line be divided into any two parts, the 
square of the whole line is equal to the sum of the 
rectangles contained by the whole line and each of 
the parts. 

Cor. 2. — In like manner making A equal to one of 
the parts, it appears that if a straight line be divided 
into any two parts, the rectangle contained by the 
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whole and one of the parts is equal to the rectan- 
gle contained by the two parts together with the 
square of the first mentioned part. 

XLIX. — Euclid II. 4. 

If a straight line be divided into any two parts 
the square of the whole line is equal to the squares 
of the two parts, together with twice the rectangle 
contained by the parts. 

Let the straight line A B (Fig. 39) be divided 
into any two parts in C. The square of A B is 
equal to the squares of A C, C B and twice the 
rectangle contained by A C, C B. 

Let A E be the square on A B, B D its diameter, 
C G F parallel to A D or B E, cutting B D in G, 
and through G let H G K be drawn parallel to 
A B or D E. Then, because C F and A D are 
parallel and A D meets them, the angle B G C is 
equal to B D A ; but B D A is equal to DBA, 
because A D is equal to A B, being sides of a 
square ; wherefore B G C is equal to G B C, and 
the side C G is equal to C B. But C B is also 
equal to G K, and C G to B K, because the figure 
C K is a parallelogram. Therefore the quadrila- 
teral figure C K is equilateral. And because C G 
is parallel to B K, and C B meets them, the angles 
G C B, KBC are equal to two right angles ; but 
C B K is a right angle, therefore, also, G C B is a 
right angle, and the angles opposite to them in 
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the parallelogram C K ; viz., the angles C G K, 
G K B are also right angles. Wherefore the 
quadrilateral figure C K is also equiangular, and is 
therefore a square, and it is described on BC. 
For the same reason the rectangle II F is also a 
square, and it is described on II G, which is equal 
to A C ; therefore C K, H F are the squares of 
B C, C A. And because the complement A G is 
equal to the complement G E, and A G is the 
rectangle contained by A C, C B (for GO is equal 
to C B), therefore GE is also equal to the rect- 
angle AC, C B, and A G and E G together are 
equal to twice the rectangle AC, C B. But the 
whole figure A E is made up of the squares C K, 
H F, and the rectangles AG, GE; wherefore the 
whole square A E is equal to the squares of A C 
and B C and twice the rectangle AC, B C. 

Cor . — From the demonstration it is manifest 
that the rectangles about the diameter of a square 
are likewise squares. 

L. — Euclid II. 5. 

If a straight line be divided into two equal and 
also into two unequal parts, the rectangle con- 
tained by the unequal parts, together with the 
square of the line between the points of section, is 
equal to the square of half the line. 

Let the straight line A B (Fig. 40) be divided 
into two equal parts at the point C, and into two 
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unequal parts at the point D; the rectangle 
AD, D B, together with the square of C D, is 
equal to the square of C B. 

Let C E F B be the square on GB, BE its 
diameter ; D H G, parallel to C E or B F, cutting 
BE in H ; K L M passing through H parallel to 
B A or E F ; A K parallel to C L or B M. Then, 
because the complement C H is equal to H F, to 
each of these add D M ; therefore, the whole C M 
is equal to the whole DF. But C M is equal to 
A L, because A C is equal to C B ; wherefore D F 
is equal to A L. To each of these add C H, and 
the whole A H is equal to D F and C H. But A H 
is the rectangle contained by A D, D B, for D H 
is equal to D B (Prop. 49. Cor.). Therefore the 
rectangle A D, D B is equal to C H and D F. To 
each of these quantities add L G which is equal 
to the square of CD; therefore the rectangle 
AD, D B, together with the square of C D, is 
equal to C H and D F and L G, that is to the 
square C F or the square of C B. 

Hence it is manifest that the difference of the 
squares of two unequal lines A C, C D is equal to 
the rectangle contained by their sum and differ- 
ence. 

LI. 

If a straight line be bisected, and produced to 
any point, the rectangle contained by the whole 
line thus produced and the part of it produced, 
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together with the square of half the line bisected, 
is equal to the square of the line made up of the 
half and the part produced. 

Let A B (Fig. 41) be bisected in C, and produced 
to D. The rectangle AD, D B, together with the 
square of C B, is equal to the square of C D. 

Because the line A D is divided into parts 
at the points C, B, the rectangle A D, B D is equal 
to the rectangles AC, B D; C B, B D, and 
B D, BD; that is, to twice the rectangle B C, 
B D and the square of B D. To each of these add 
the square of B C. Then the rectangle AD, B D, 
together with the square of B C, is equal to the 
squares of B C and B D together with twice the 
rectangle B C, BD; that is (Prop. 49.), to the 
square of C D. 

LII. 

If a straight line be divided into any two parts, 
the squares of the whole line and of one of the 
parts is equal to twice the rectangle contained by 
the whole and that part together with the square 
of the other part. 

Let A B (Fig. 39) be divided into any two parts 
in the point C, the squares of A B, B C are equal 
to twice the rectangle A B, B C together with the 
square of A C. 

Because A B is divided into two parts at the point 
C (Prop. ‘18, Cor. 2) , the rectangle A B, B C is equal 
to rectangle A C, B C and square of B C. Therefore 
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twice the rectangle AB, B C is equal to twice the 
rectangle A C, B C and twice the square of B C. 
To each of these add the square of A C. Then twice 
the rectangle A B, B C, together with the square of 
A C, is equal to the squares of A C, twice the 
square of B C, and twice the rectangle AC, B C ; 
that is, to the squares of A C and B C, twice the 
rectangle AC, B C, and the square of B C again, 
or to the squares of A B, B C. 

Hence it appears that the square of the differ- 
ence of two straight lines is less than the sum 
of their squares by twice the rectangle of the 
two lines. 

LIII. 

If a straight line be divided into two equal and 
also into two unequal parts, the squares of the 
two unequal parts are together double of the 
square of half the line and of the square of the 
line between the points of section. 

Let the straight line A B (Fig. 40) be divided at 
point C into two equal, and at D into two unequal 
parts. The squares of A D, D B are together 
double of the squares of AC, CD. 

Because A D is divided into two parts at C, the 
square of A D is equal to the squares of A C, CD 
and twice the rectangle AC, CD; that is, to the 
squares of A C, CD and twice the rectangle B C, 
CD. To each of these add the square of D B. Then 
the squares of A D, D B are equal to the squares 
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of A C, CD together with twice the rectangle 
B C, C D and the square of B D. But because the 
straight line B C is divided into two parts at the 
point D, twice the rectangle B C, CD together 
with the square of B D is (Prop. 52) equal to 
the square of B C (that is of A C) and square of 
C D. Therefore the square of A D, D B is equal 
to twice the squares of A C, C D. That is to say, 
the sum of the squares of two lines, one of which 
is the sum of two straight lines, and the other 
their difference, is equal to twice the squares of 
the same lines. 

LIY. 

If a straight line be bisected and produced to 
any point, the square of the whole line thus pro- 
duced and the square of the part of it produced, 
-are together double of the square of half the line 
bisected, and of the square of the line made up of 
the half and the part produced. 

Let A B (Fig 41) be bisected in C and produced 
to D ; the squares of A D, D B are double of the 
squares of A C, CD. 

Because A D is divided into two parts at C, the 
square of A D is equal to the squares of A C, CD 
together with twice the rectangle AC, CD. To 
each of these add the square of D B. Then the 
squares of A D, D B are equal to the squares of 
A C, C D together with twice the rectangle A C, 
C D, that is twice the rectangle B C, C D and the 
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square of B D. But because C D is divided into 
two parts at B (Prop. 52) twice the rectangle 
C B, CD together with the square of B D, is equal 
to the squares of B C or A C and C D. There- 
fore the squares of AD, D B are equal to twice 
the squares of A C, C D. 

LV. — Euclid II. 12. 

In obtuse angled triangles, if a perpendicular be 
drawn from either of the acute angles to the 
opposite side produced, the square of the side 
subtending the obtuse angle is greater than the 
squares of the sides containing the obtuse angle 
by twice the rectangle contained by the side upon 
which, when produced, the perpendicular falls, and 
the straight line intercepted between the perpen- 
dicular and the obtuse angle. 

Let ABC (Fig. 42) be a triangle having the ob- 
tuse angle A C B, and from either of the acute 
angles let A D be perpendicular on the opposite 
side B C produced. The square of A B is greater 
than the squares of A C, B C by twice the rectangle 
B C, C D. 

Because B D is divided into two parts at C, the 
square of B D is equal to the squares of B C, C D 
together with twice the rectangle B C, C D. To 
each of these add the square of D A. Then the 
squares of B D, A D are equal to the squares of 
B C, C D, D A and twice the rectangle B C, C D. 
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But the square of B A is equal to the squares of 
B D, DA, because A D B is a right angle ; and 
the square of A C is equal to the squares of C D 
and A D. Therefore the square of B A is equal to 
the squares of B C, A C and twice the rectangle 
A C, B C, or is greater than the squares of those 
lines by twice the same rectangle. 

LYI. — Euclid II. 13. 

In every triangle, the square of the side subtend- 
ing any of the acute angles is less than the squares 
of the sides containing that angle by twice the 
rectangle contained by either of these sides, and 
the straight line intercepted between the perpen- 
dicular let fall upon it from the opposite angle and 
the acute angle. 

Let A B C be any triangle (Figs. 43, 42) and 
the angle at B one of its acute angles ; A D the 
perpendicular on B C (produced if necessary) from 
the opposite angle. The square of AC is less 
than the squares of C B, C A by twice the 
rectangle C B, B D. 

First let A D fall within the triangle ABC 
(Fig. 43), and because C B is divided into two parts 
at D, the squares of C B, B D (Prop. 52) are 
equal to twice the rectangle C B, B D and the 
square of D C. To each of these add the square 
of A D ; therefore the squares of C B, B D, A D, 
are equal to twice the rectangle C B, B D, and 
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the squares of A D, D C. But the square of A B 
is equal to the squares of AD,D B, and the 
square of A C is equal to the squares of AD, D C. 
Therefore the squares of C B, A B are equal to 
twice the rectangle CB, BD and the square of 
A C. That is to say, the square of A C is less 
than the squares of AB, B C by twice the 
rectangle B C, B D. 

Secondly, let A D fall without the triangle 
ABC (Fig. 42). Then, because the angle A D B 
is a right angle, the angle A C B is greater than a 
right angle, and therefore the square of A B 
(Prop. 55), is equal to the squares of A C, B C and 
twice the rectangle B C, C D. To these equals 
add the square of B C, and the squares of A B, 
B C are equal to the square of A C and twice the 
square of BC, and twice the rectangle B C, C D. 
But because B D is divided into two parts at C, 
the rectangle D B, B C is equal to the rectangle 
B C, C D and the square of B C ; and the doubles 
of these are equal : .therefore the squares of A B, 
B C are equal to the square of A C and double the 
rectangle D B, B C, that is the square of A C 
alone is less than the squares of A B, *B C by twice 
the same rectangle. 

Lastly, let the side AC be perpendicular to 
B C (Fig. 44) ; then is B C the straight line 
between the perpendicular and the acute angle at 
B, and it is manifest that the squares of A B, B C 


Digitized by Google 



PROPOSITIONS. 


91 


are equal to the square of AC and twice the 
square of B C. 

LVII. — Euclid III. 14. 

Equal straight lines in a circle are equally dis- 
tant from the centre, and those which are equally 
from the centre are equal to one another. 

Let the straight lines AB, CD in the circle 
A B C D (Fig. 45) be equal to one another, they 
are equally distant from the centre, that is, the 
the perpendiculars from the centre on each of the 
lines are equal. 

Let E be the centre of the circle, E' F, EG 
perpendiculars to A B, C D. The straight lines 
A B, C D (Prop. 28) are bisected in F and G respec- 
tively, and are therefore the doubles of A F and 
C G respectively. A F is therefore equal to C G. 
And because A E is equal to E C, the square of 
A E is equal to the square of E C ; but the squares 
of E F, F A are equal to the squares of A E ; and 
the squares of E G, G C are equal to the square of 
E C ; therefore the squares of E F, F A are equal 
to the squares of C G, G E, whereof the square 
of A F is equal to the square of C G, because A F 
is equal to C G. Therefore the remaining square 
of F E is equal to the remaining square of E G, 
and F E is equal to E G or the lines A B, C D are 
equally distant from the centre. 

Next, if the lines A B, C D be equally distant 
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from the centre, that is, if F E be equal to E G, 
A B is equal to C D. For the same construction 
being made it may be shewn as before that A B 
is double of A F and CD of C G, and that the 
squares of E F, FA are equal to the squares of 
EG, G C, of which the square of F E is equal to 
the square of E G, because F E is equal to E G ; 
therefore the remaining square of A F is equal to 
the remaining square of C G and A F to C G. 
Therefore the doubles of these or A B and C D 
are equal. 


LVIII.— Euclid III. 15. 

The diameter is the greatest straight line in a 
circle, and of all others that which is nearer to 
the centre is always greater than one more remote, 
and the greater is nearer to the centre than the less. 

Let A B C D (Fig 46) be a circle of which the 
diameter is A D and centre E, and let B C, F G be 
any straight lines in the circle of which B C is 
nearer the centre than F G. A D is greater than 
B C and B C than F G. 

Let EH, EK be perpendiculars to B C, F G, 
and join E B, EC, E F. Then because E A is 
equal to E B and E D to E C, but E B. E C are 
greater than BC, therefore AD is greater than B C. 

And because B C is nearer to the centre than 
F G, E H is less than E K ; but B C is double of 
B H, and F G double of F K ; and the squares of 
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EH, HB are equal to the squares of E K, K F 
of which the square of E K is less than the square 
of E H, because E H is less than E K ; therefore 
the square of B H is greater than the square of 
F K and the straight line B H greater than F K, 
and B C than F G. 

Next let B C be greater than F G ; B C shall be 
nearer to the centre than F G, that is, the same 
construction being made, E H shall be less than 
E K. Because B C is greater than F G, B H is 
greater than F K ; and the squares of E H, H B, 
are equal to the squares of F K, K E, of which 
the square of B H is greater than the square of 
F K, because B H is greater than F K, therefore 
the square of E H is less than the square of E K, 
and the line E H than E K. 

LIX. — Euclid III. 20. 

The angle at the centre of a circle is double of 
the angle at the circumference upon the same 
base ; that is, upon the same part of the circum- 
ference. 

Let ABC (Fig. 47) be a circle, B E C an angle 
at the centre, and B A C an angle at the circum- 
ference, having the same circumference B C for 
their base ; B E C is double of B A C. 

Join A E, and produce it to the opposite side of 
the circumference in F. The angle B E C will be 
equal to the sum or difference of the angles B E F, 
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F E C, according as the point F lies within or 
. without the circumference B C ; that is, according 
as the centre of the circle falls within or without 
the angle B A C. And because E A is equal to 
E C the angle E A C is equal to E C A, and the 
external angle F E C, which is equal to E A C, and 
E C A is equal to double E A C. For the same 
reason the angle B E F is double of the angle 
B A F. Therefore B EC, the sum or differ- 
ence of the angles B E F, F E C (as the case may 
be) is double of B A C, the sum or difference of 
the angles BAF, F AC. 

LX. — Euclid III. 21. 

The angles in the same segment of a circle are 
equal to one another. 

Let ABCD (Fig. 48) be a circle ; BAD, BED 
angles in the same segment B AED. The angles 
B A D, B E D are equal. 

Let F be the centre of the circle, and first let 
the segment B A E D be greater than a semi-circle 
Join B F, F D. Then, by Prop. 59, each of the 
angles BAD, BED are half of the same angle 
B F D, and are therefore equal to each other. 

But if the segment B AE D (Fig. 49) be not 
greater than a semi-circle, join A F and complete 
the diameter AFC, and join E C. Therefore the 
segment B A D C is greater than a semicircle, and 
the angles in it B A C, B E C are equal by the 
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first case. For the same reason, because CBED 
is greater than a semicircle, the angles CAD, C E D 
are equal ; therefore, the whole angle BAD is 
equal to the whole BED. 

LXI. — Euclid III. 22 . 

The opposite angles of any quadrilateral figure 
inscribed in a circle are together equal to two 
right angles. 

Let A B C D (Fig. 50) be a quadrilateral figure 
in the circle A B C D, any two of its opposite 
angles are together equal to two right angles. 

Join AC, DB; and take the angles A D B, 
B D C, into which any of the angles AD C is 
divided by the line D B. Then the angle B D C 
is equal to the angle B A C, because they are 
in the same segment B ADC; and the angle 
A D B is equal to A C B, because they are in the 
same segment ADCB; therefore the whole ADC 
is equal to the two C A B, A C B. To each of 
these add the angle ABC; therefore, the two 
A D C, A B C are equal to the three angles A C B, 
CAB, C B A of the triangle ABC; that is, to 
two right angles. 

LX1I. 

In equal circles equal angles stand upon equal 
circumferences, whether they be at the centres or 
at the circumferences. 

Let ABC, DEF (Fig. 51) be equal circles, 
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B A C, EDF; and B G C, E H F angles at the 
circumference and at the centre respectively. Then 
if either the angles at the circumference or at the 
centre are equal to each other, the other pair of 
angles will also he equal, because the angles at the 
centre are double of the corresponding angles at 
the circumference. 

Let either BAC and EDF or BGC and EHF, 
and, therefore, both those pairs of angles be equal 
to each other. The circumference B K C is equal 
to E L F. 

Because the circle ABC is equal to D E F, 
let these be superimposed on each other, so 
that the line G B coincides with the line H E ; 
and because the angle B G C is equal to angle 
EHF, the line G C will coincide with H F, and 
the circumference B K C with ELF. Therefore 
B K C is equal to E L F. 

LXIII. 

In equal circles the angles which stand upon 
equal circumferences are equal, whether they be at 
the centres or the circumferences. 

Let ABC, DEF (Fig. 51) be equal circles, 
BAC,EDF; and B G C, E H F the angles at the 
circumference and at the centre respectively, stand- 
ing on equal circumferences B C, E F. The angle 
B G C is equal to E H F, and B A C to E D F. 

Because the circles are equal, let the circle 
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ABC be superimposed on circle DEF so 
that the point B shall coincide with E. The 
line B G will coincide with E H ; and, because 
the circumference B C is equal to E F, the point 
C will also coincide with F, and the line G C with 
H F. The angle B G C will then coincide with 
E H F, wherefore B G C is equal to E II F, and 
consequently the corresponding angle at the cir- 
cumference B A C to E D F. 

LXIY. — Euclid III. 28. 

In equal circles equal straight lines cut off equal 
circumferences — the greater equal to the greater, 
and the less equal to the less. 

Let ABC, DEF (Fig. 52) be equal circles, 
B C, E F equal straight lines in them. The two 
parts of the circumference B A C and B G C 
divided by the line B C, are equal to the parts 
E D F, E H F divided by the line E F — the larger 
to the larger and the less to the less. 

Let K, L be the centres of the circles, and join 
K B, K C, L E, L F. Then because the circle 
A B C is equal to D E F, B K, K C are equal to 
D E, D F, and the third side B C is by the hypo- 
thesis equal to E F, wherefore the triangle 
B K C is equal to E L F and the angle B K C to 
ELF. But equal angles in equal circles stand on 
equal circumferences, wherefore B G C is equal to 
E H F and the remainder B A C to E D F. 

F 
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LXV. 

In equal circles equal circumferences are sub- 
tended by equal straight lines. 

Let AB C, D E F (Fig. 52) be equal circles in 
which the circumferences B G C, E H F are equal, 
the straight line B C is equal to E F. 

Because the circle ABC and circumference 
B G C are equal to the circle DEF and circum- 
ference E H F, the circle A B C and circumference 
E G C may be made to coincide with the circle 
DEF and circumference EHF. Therefore the 
points B and C respectively will coincide with the 
pionts E and F and the straight line B C with E F. 
Wherefore B C is equal to E F. 

LXVI. — Euclid III. 31. 

In a circle the angle in a semicircle is a right 
angle ; in a segment greater than a semicircle, 
less,; and in a segment less than a semicircle, 
greater than a right angle. 

’ Let AB C D (Fig. 53) be a circle of which the 
diameter is B C and centre E. Take any line C A 
dividing the circle into two parts of which ABC 
is greater and A D C less than a semicircle. Let D 
be any point in A D C and join A B, A E, A D, D C. 
The angle B A C is a right angle ; the angle ABC 
in the segment ABC greater than a semicircle is 
less than a right angle ; and the angle A D C in the 
segment ADC less than a semicircle is greater 
than a right angle. 
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Because E B is equal to E A the angle E B A is 
equal to B A E, and for a like reason the angle E C A 
is equal to the angle E A C ; therefore the whole 
angle B A C is equal to the two A B C, ACB, or is 
half the three angles BAC, ABC, ACB, that is, 
half of two right angles, or is itself a right angle. 

Next, because B A C is a right angle each of 
the other angles of the triangle B A C and there- 
fore the angle A B C is less than a right angle. 

And because A B C D is a quadrilateral figure 
in a circle (Prop. 61), the opposite angles ABC, 
ADC are together equal to two right angles ; but 
A B C is less than a right angle, wherefore ADC 
is greater than a right angle. 

LXVII.— Euclid III. 32. 

If a straight line touch a circle and from the 
point of contact a straight line be drawn cutting 
the circle, the angles made by this line with the 
line touching the circle, are equal to the angles in 
the alternate segments of the circle. 

Let the straight line E F (Fig. 54) touch the 
circle A B C D in the point B and let B D be a 
line dividing the circle into two segments DAB 
and D C B. The angles DBF, D B E are equal 
to the angles in the alternate segments ; that is to 
say, the angle DB F to the angle in the segment 
on the other side of B D from B F, and the angle 
E B F to the angle in the segment on the other 
side of D B from E F. 
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Let A B be perpendicular to E F at B, and 
therefore a diameter of the circle. Let D be on 
the same side of the diameter with B F ; take 
C any point in the segment adjacent to B F, and 
join A D, D Cj C B. The angle A D B in a semi- 
circle is a right angle, and therefore the other two 
angles of the triangle BAD, A B D are together 
equal to a right angle. But ABF is a right 
angle, and is therefore equal to the two BAD, 
A B D. Take away the angle A B D which is 
also part of A B F, and the remaining angle DBF 
is equal to B A D. 

And because A B C D is a quadrilateral figure 
in a circle, the opposite angles BAD, BCD are 
together equal to two right angles. Therefore 
the angles D B E, DBF being also equal to two 
right angles are equal to BAD, BCD. And 
DBF has been proved to be equal to BAD; 
therefore the remaining angle D B E is equal to the 
angle B C D in the alternate segment of the circle. 

LXVIII. — Euclio III. 35. 

If two straight lines within a circle cut one 
another the rectangle contained by the segments 
of one of them is equal to the rectangle contained 
by the segments of the other. 

Let the two straight lines AC, BC within the 
circle A B C D cut one another in the point E, the 
rectangle contained by A E, E C is equal to the 
rectangle contained by B E, E D. 
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First, if A C, CD intersect in the centre of the 
circle, it is evident that A E, E C, E B, E D being 
all equal, the rectangle A E, E C is equal to the 
rectangle BE, ED. 

But let one of them B D (Fig. 55) pass through 
the centre F and cut the other A C which does not 
pass through the centre at right angles at the point 
E. Therefore (Prop. 28) D B bisects A C in E or 
A E is equal to E C. Join A F. And because the 
straight line B D is cut into two equal parts at 
point F and into two unequal at point E, the 
rectangle B E, E D together with the square of 
E F is equal to the square of F B or F A ; but the 
squares of A E, E F are equal to the square of 
F A. Therefore the rectangle B E, E D together 
with the square of E F is equal to the squares of 
E F and A E. Take away the common square of 
E F and the rectangle B E, E D is equal to the 
square of A E, that is, to the rectangle A E, EC. 

Next, let B D (Fig. 56) which passes through 
the centre cut the other A C which does not pass 
through the centre at E, but not at right angles. 
Let F G be perpendicular to A C. Therefore A G 
is equal to G C and as before the rectangle A E, 
E C together with the square of GE is equal to the 
square of AG. To each of these add the square 
of G F ; therefore the rectangle A E, E C together 
with the squares of G E, G F is equal to the squares 
of A G and G F ; that is, the rectangle A E, E C 
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together with the square of E F is equal to the 
square of A F or D F. But the square of D F is 
equal to the rectangle DE, EB together with the 
square of E F. Therefore the rectangle A E, E C 
together with the square of E F is equal to the 
rectangle DE, EB together with the same square 
and the rectangle A E, E C is equal to D E, E B. 

Lastly, let neither of the lines pass through the 
centre (Fig. 57) and let H FEG be the diameter 
passing through the point of intersection E. Then 
by the last case the rectangle H E, E G is equal to 
each of the rectangles B E, E D and A E, E C and 
therefore those rectangles are equal to each other. 

LXIX.— Euclid III. 36. 

If from a point without a circle two straight 
lines be drawn whereof one cuts the circle and the 
other touches it, the rectangle contained by the 
whole line which cuts the circle and the part of 
it without the circle is equal to the square of the 
line which touches it. 

If D be any point without a circle ABC and 
D C A, D B be two straight lines of which DCA 
cuts the circle in C and A and D B touches it in 
B, the rectangle DC, DA is equal to the square 
of DB. 

First, let D C A pass through E the centre of the 
circle (Fig. 58) and join E B. Therefore E B D is 
a right angle (Prop. 29). And because the straight 
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line AC is bisected in E and produced to D 
(Prop. 51) the rectangle AD, DC together with 
the square of E C is equal to the square* of E D. 
But the square of E D is equal to the squares of 
E B (or E C) and B D. Therefore the rectangle 
A D, D C and square of E C is equal to the squares 
of B D and E C and the rectangle AD, DC alone 
is equal to the square of B D. 

But if D C A do not pass through the centre 
(Fig. 59) let E be the centre, E F perpendicular 
to D A and join ED, E C, E B. Because E F is 
perpendicular to A C (Prop. 28) it also bisects it, 
and F A is equal to F C. And because C A is 
bisected in F and produced to D the rectangle 
A D, D C together with the square of F C is equal 
to the square of F D. To each of these equals add 
the square of F E. Therefore the rectangle A D, 
D E together with the squares of C F, F E, is equal 
to the squares of DF and FE. But the squares 
of C F and F E are equal to the square of C E or 
E B, and the squares of D F and F E are equal to 
the square of D E. Therefore the rectangle D A, 
D C and together with the square of E B is equal 
to the square of D E, that is, to the squares of 
D B and E B. Therefore the rectangle D A, D C 
alone is equal to the square of D B. 

Cor . — If from any point without a circle two 
straight lines be drawn cutting the circle, the 
rectangles contained by each straight line and the 
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part of it without the circle are equal to each 
other. 


LXX. 

If from a point without a circle be drawn two 
straight lines whereof one cuts the circle and the 
other meets it, and the rectangle contained by the 
whole line which cuts the circle and the part 
without the circle be equal to the square of the 
other line, the latter line touches the circle. 

Let D be any point without the circle BCE 
(Fig. 59) whose centre is E, D C A a straight line 
cutting the circle in C and A ; DB a line meeting 
it in B. Then if the rectangle contained by D C, 
C A is equal to the square of D B, D B touches the 
the circle. 

Because the square of D_B is equal to the 
rectangle D C, C A, the square of D B is equal to 
the square of the line from D touching the circle 
and I) B is equal to the same line, and because there 
cannot be two equal lines on the same side of the 
line passing through the centre, D B also coincides 
with the line touching the circle, that is, it touches 
the circle at the point B. 


THE END. 


WERTHEIMER AND CO., PRINTERS} ,FI NSBL'UY CIKCU5. 


tesJ G0S729 



i 


•Digitized by Google 




Digitized by Google 




Digitized by Goo< 


le 





4 


Digitized by Google 







Digitized by Google 




f 

i 







V 

' 


Digitized by 




Digitized by Google 



Cheap School Books. 

The Electric Telegraph Popularized. By D. Lardner, D.C.L. 

(From the “Museum of Science and Art.”) One volume, with 100 En- 
gravings, 12mo. 2s. cloth lettered/ 

This work gives a full account of the history, the mechanism, and the practical 
applications of the greatest invention of the present age — the power of transmit- 
ting messages with the celerity of lightning to the remotest parts of the earth. 

The earlier portion of the volume explains, generally, the properties of 
Electricity, and the modes of transmitting the fluid in required directions; 
the means employed to generate, control, vary, reverse, and combine the 
electric currents; and the construction of different kinds of batteries, wires, posts, 
and other apparatus used in different countries, and by different inventors. 

In subsequent chapters the author describes the mechanism for causing an 
Electro-magnet to produce written characters on paper at a distant station, 
for imparting motion to clock-work, and for indicating uniform time in 
places remote from each other. He describes the peculiarities of the French, 
American, and Belgian telegraphs; the French portable telegraph; and the 
improvements introduced by the instruments of Lippens, Morse, Froment, 
Bain, Brett, Henley, and others. 

Details are given respecting the working of telegraphic lines of communi- 
cation; the modes of preventing railway accidents and detecting criminals; 
the different telegraphic companies and their tariffs; the manner in which 
international communications are effected; the cost of despatches; the 
manufacture of cables for submarine telegraphs; and the vast projects in 
contemplation for extending the network for instantaneous intelligence over 
the whole globe. 

In an annexed map, the reader is presented with a general view of the 
Telegraphic Network by which the United Kingdom and the Continent of 
Europe were overspread at the close of 1854. 


History and Etymology of the English Language, for the Use of 
. Classical Schools. By Dr. II. G. Latham, F.R.S. 

Fcp. 8 vo. Is. (i d. cloth. 

'J'his is an introductory Grammar, intended for those desirous of studying the 
English language with reference to the history, the transitions, and the ana- 
logies of its forms. 

[t consists of an exposition of the fundamental principles of English 
Grammar, and the chief facts in. the history of the language. The philolo- 
gical division of the work is preceded by a historical sketch of the successive 
introduction, into this country, of the dialects of the Saxons, the Angles, and 
the Jutes. The author reviews the earliest books of the Anglo-Saxon period, 
and details the points of difference which characterize the Semi-Saxon, the 
Old English, and the Middle and New English stages in the growth of our 
literature: giving, in an appendix, the translations of the specimens cited to 
illustrate the several epochs. 

The etymological part of the treatise commences with an analysis of or- 
thograpl** 011 ^ systems, particularly in connexion with the euphonic changes 
which arise from the combination of letters. The logical structure of propo- 
rtions is then briefly explained; and this introductory matter is followed by 
jPe usual declensions, of which the peculiarities aro so explained as to show 
tpeir affiuity to the ancient Saxon and the modern German Languages. 

Published by Walton & Maberly, Upper Gower St. & Ivy Lane. 


EDUCATION FOR THE PEOPLE. 

» 

Elements of English Grammar, for the Use of Ladies’ Schools. 
By Dr. R. G. Latham, F.R.S. Fcap. 8vo. Is. 6d. cloth. 


“ Instead of a mere dry classification of words and rules, often difficult to 
be understood, it gives a philosophical view of the whole subject, and yet 
with so much clearness as to assist the reason no less than the memory. The 
first part gives the history of our language and traces its formation from the 
German trines who successively conquered and settled in our island. In the 
third part, which treats of declension and conjugation, the connexion of these 
subjects with the rules of euphony, is shown in a very lucid and interesting 
manner. We think this little work will prove a boon to mothers and in- 
structors, and invest with interest a branch of education which has often 
proved one of the most uninviting steps in the ladder of learning.” — Quar- 
terly Educational Magazine, No. VIII. 


Ijocke's System of Classical Instruction. 

“ We do amiss to spend seven or eight years merely scraping together so much 
miserable Latin and Greek, as might be learned otherwise easily and delightfully in one 
year."— Milton. 

This method is a restoration of the excellent system of tuition advocated 
by Milton and Locke; practically established by Dean Colet, Erasmus, 
and Lily, at the foundation of St. Paul’s School; and subsequently enjoined 
by authority of the State, to be adopted in all other public seminaries of 
learning throughout the kingdom. By means of a series of interlinear trans- 
lations, it aims to furnish the Pupil with a supply of words, with general 
notions of their modes of combination and transposition, and their different 
meanings under different circumstances. His time and labour are thus 
abridged at the beginning of his classical studies, merely to set him fairly 
forward on his way without perplexity and discouragement : — ■ 

Interlinear Translations. 

Price of each work, Is. fid. 


Latin. 


Greek. 


1. Phaidrus’ Faulks of iEsop. 

2- Ovid's Metamorphoses. Book I. 

3- Viroil’s 2Enkid. Book I. 

4. Parsing Lessons to Virgil. 

5. Cabsar’s Invasion of Britain. 


6. Xknophon’sMemorabii.ia. Book I. 
fi. Herodotus's Histories. Selections 

French. 

Sismondi; The Battles of Cresby 
and Poictikrs. 


Greek. 


German. 


1. Lucian’s Dialogues. Selections. 

2. The Odes of Anacreon. 

3. Homer’s Iliad. Book I. 

4. Parsing Lessons to Homer. 


Stories from German Writers. 


An Essay, explanatory of the Sys- 
tem. 12mo. fid. 


Hall’ 8 Principal Roots of the Latin Language. 12 mo. Is. 6d. cl. 

This work is intended to facilitate the acquisition of the Latin language; 1st, 
by putting tho pupil in possession of its radical words; 2nd, by associating 
each of them with some English word derived from the Latin. When the 
Latin is the parent of several English words, the most obvious derivative is 
selected; but wherever tho connexion between the Latin and the kindred 
English is indirect or obscure, a foot-note traces or explains the relationship 
between the two languages. 


Published by WALTON & MABEPLY, 




Cheap School Books. j 


London Latin Grammar. \2mo. Is. 6d. cloth. 

The t( London Latin Grammar ” contains all that is necessary to introduce*! 
the pupil to a knowledge of tho language; and in order to render the rules] 
and their application more easily understood, all the examples are accompa- ; 
nied by a translation. Throughout the book, tho parts intended to bo, 
committed to memory are printed in larger characters, to distinguish them 
from those intended only for reference, which are in smaller type. 


London Greek Grammar. Is. 6tZ. cloth. 

This Grammar was constructed with the design of giving to the pupil, in the 
English tongue, all that is necessary to introduce him to the knowledge of 
the inflexions and Syntax of the Greek Language. It is printed in the same 
manner as the London Latin Grammar. 


Four Gospels in Greek. Fcap. Bvo. Is. Gd. cloth. 

Instructors have often expressed a desire to see an edition of the Four 
Gospels printed separately, for the use of students beginning to learn tho 
Greek Language. Such a work is now presented to their notice. The text 
chosen is that of Gricsbach, as being tho one most critically correct. The 
variations between it and Mills’ are particularly marked. References to 
parallel passages are placed at the side of each page: the distinction between 
parallels of single passages or words, and those which furnish a harmonious 
narration of the same eveuts, is observed. 

Tables of Logarithms , Common and Trigonometrical, to Five 
Places. F<p. 8 vo. Is. 6d. cloth. 

This book is a reprint of Lalande’s Tables of Logarithms, with some addi- 
tions. The first part contains the Logarithms of the numbers from 1 to 
10,000, calculated to five places of decimals, with a column of differences — 
with this variation from Lalandc, that the index or characteristic of the 
Logarithm is omitted as a worse than useless incumbrance; the decimal 
point, 'however, being retained before the mantissa (contrary to tho usual 
practice), in order to make the distinction more marked between the column 
of Logarithms and that of numbers. The second part contains the Loga- 
rithms of tho Trigonometrical ratios to every minute of the quadrant; the 
characteristic, whether positive or negative, being always increased by ten 
for the sake of uniformity, whereas the Logarithms are so augmented in 
Lalande’s Tables only in case of negative indices. At the close of the book 
is a Table of the most useful Constants relating to mensuration, trigonometry, 
astronomy, etc., including tho numbers necessary for the exact reduction of j 
the modern French decimal system of weights, measures, and degrees, to the 
English equivalents, and vice versa. 


A New Descriptive Catalogue of Educational Works, and 
Works in Science and General Literature, published by Walton 
. and Maberly, will be sent Post-free to any one uniting for it. 

28, Upper Gower Street, and 27, Ivy Lane, Paternoster Row. 
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